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Abstract 

The first part of this work constructs positive-genus real Gromov-Witten invariants of real- 
orientable symplectic manifolds of odd “complex” dimensions; the present part focuses on their 
properties that are essential for actually working with these invariants. We determine the com¬ 
patibility of the orientations on the moduli spaces of real maps constructed in the first part with 
the standard node-identifying immersion of Gromov-Witten theory. We also compare these ori¬ 
entations with alternative ways of orienting the moduli spaces of real maps that are available 
in special cases. In a sequel, we use the properties established in this paper to compare real 
Gromov-Witten and enumerative invariants, to describe equivariant localization data that com¬ 
putes the real Gromov-Witten invariants of odd-dimensional projective spaces, and to establish 
vanishing results for these invariants in the spirit of Walclier’s predictions. 
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1 Introduction 

The theory of J-holomorphic maps plays prominent roles in symplectic topology, algebraic geom¬ 
etry, and string theory. The foundational work of m cm m cm m has established the theory 
of (closed) Gromov-Witten invariants, i.e. counts of J-holomorphic maps from closed Rienrann 
surfaces to symplectic manifolds. The two main obstacles to defining real Gromov-Witten invari¬ 
ants, i.e. counts of J-holomorphic maps from symmetric Riemann surfaces commuting with the 
involutions on the domain and the target, are the potential non-orientability of the moduli space 
of real J-holomorphic maps and the existence of real codimension-one boundary strata. These 
obstacles are overcome in many genus 0 situations in j25j [26) EH :8J 0j; see HD Section 1.3] for 
some comparisons. In the first part of this work, we introduce the notion of real orientation on a 
real symplectic 2n-manifold (X,u),(f>) and overcome both obstacles in all genera for real-orientable 
symplectic manifolds of odd “complex” dimension n. 

A real orientation on a real symplectic 2n-manifold (A, cv,<)>) with n^2Z induces orientations on 
the moduli spaces of real J-holomorphic maps from arbitrary genus g symmetric surfaces to (A, ). 
Theorems P and PI compare these orientations with the natural complex orientations and with 
the orientations induced by the corresponding spin and relative spin structures whenever the latter 
three make sense. By Theorem 11.21 the orientations on the moduli spaces of real J-holomorphic 
maps induced by a real orientation on (A, u,(j>) are “anti-compatible” with the node-identifying 
immersion (|1.4I) which is central to much of “classical” Gromov-Witten theory. Theorems 11.2111.41 
and P are essential for studying the properties of real GW-invariants constructed in HD- For 
example, they play crucial roles in determining the normal bundles to the torus-fixed loci in m 
and the contributions from the degenerate loci in [21]. 

1.1 Real-orientable symplectic manifolds 

An involution on a topological space A is a homeomorphism cj): X—>X such that </>o0 = id_\'. By 
an involution on a manifold, we will mean a smooth involution. Let 

X 4, = {xeX: (j)(x) = x} 

denote the fixed locus. An anti-symplectic involution cj) on a symplectic manifold (A, u) is an invo¬ 
lution cj): X—>X such that cj)*u = — u. A real symplectic manifold is a triple (A, co,(f>) consisting of 
a symplectic manifold (A, uj) and an anti-symplectic involution cj). 

Let (A, (f>) be a topological space with an involution. A conjugation on a complex vector bundle 
V —* X lifting an involution cj) is a vector bundle homomorphism <p : V —> V covering cj) (or 
equivalently a vector bundle homomorphism <p\ V — >(f>*V covering idx) such that the restriction 
of p> to each fiber is anti-complex linear and (poip = \&v ■ A real bundle pair (V,<p) —>(A, </>) consists 
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of a complex vector bundle V —>X and a conjugation Lp on V lifting </>. For example, 


(XxC,</>xc) —* (X,cj>), 


where c : C n — * C n is the standard conjugation on C n , is a real bundle pair. If X is a smooth 
manifold, then (TX, d(j>) is also a real bundle pair over (X, </>). For any real bundle pair (V,ip )—* 
(. X , (/)), we denote by 

A“»(V» - (A?C,A“V) 

the top exterior power of V over C with the induced conjugation. Direct sums, duals, and tensor 
products over C of real bundle pairs over (. X , 0) are again real bundle pairs over ( X , cj)). 

Definition 1.1 ( [111 Definition 5.1]). Let (X, 0) be a topological space with an involution and 
(V, ip) be a real bundle pair over (X, 0). A real orientation on (V,<p) consists of 

(ROl) a rank 1 real bundle pair (L, 0) over (X, </)) such that 

w 2 (V ip ) = wi(L^) 2 and A£ p (R, <p) * (L, 0)® 2 , (1.1) 


(R02) 

(R03) 


a homotopy class of isomorphisms of real bundle pairs in (11.11) . and 

a spin structure on the real vector bundle R ¥3 ®2(L*)^* over X^ compatible with the ori¬ 


entation induced by (R02) 


An isomorphism in (11.11) restricts to an isomorphism 

A£ p V^ ss (L^)® 2 (1.2) 

of real line bundles over X Since the vector bundles (L^)® 2 and 2(L*)^* are canonically oriented, 


vector bundle V’ ¥ ’®2(L*)^* over X^ admits a spin structure. 

Let (X,u,4>) be a real symplectic manifold. A real orientation on (X,oj,(j)) is a real orientation on 
the real bundle pair (TX,d<j>). We call (X,u,(j)) real-orientable if it admits a real orientation. 

1.2 Compatibility with node-identifying immersion 

A symmetric surface (£,<r) is a closed oriented surface £ (manifold of real dimension 2) with an 
orientation-reversing involution a. The fixed locus of cr is a disjoint union of circles. If in addition 
(X,4>) is a manifold with an involution, a real map 

u: (£,< t) —■» (X,(j>) 

is a smooth map u: £— >X such that uocr = (jxni. We denote the space of such maps by ( B g (X) < > > ’ a . 
The main focus of na is on smooth and one-nodal connected symmetric surfaces, but in the present 
paper we also need to consider disconnected and two-nodal symmetric surfaces. Throughout this 
paper, the term symmetric surface will thus refer to smooth connected surfaces unless explicitly 
stated otherwise. 


(R02) determines orientations on V^ and 1^02(L*)^ . By the first assumption in (11.11) . the real 
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For a symplectic manifold (X, ui), we denote by the space of ^-compatible almost complex 
structures on X. If 4> is an anti-symplectic involution on (X, w), let 

J+ = {jeJ u : = 

For a genus g symmetric surface (£,cr), possibly nodal and disconnected, we similarly denote by 
the space of complex structures j on £ compatible with the orientation such that a *j = —j. For 
JeJu, jand ue ( B 9 (X)^’ <T , let 

dj- f u = — (du + J o duoj) 

be the djj-operator on 55 S (X) < ^’ 0 ’. 

Let ( X,L),cj) ) be a real-orientable symplectic 2n-manifold with 2Z, g,lE Z^ 0 , I? e H 2 (X ; Z), and 
J e ■ We denote by 91T 9) /(X, B; J)^* the moduli space of equivalence classes of stable real degree B 
J-holomorphic maps from genus g symmetric (possibly nodal) surfaces with l pairs of conjugate 
marked points. By HD Theorem 1.4], a real orientation on (X,u>, </>) determines an orientation on 
this compact space, endows it with a virtual fundamental class, and thus gives rise to genus g real 
GW-invariants of (X,uj,c/)) that are independent of the choice of 


We denote by 9Jt* g t (X, B-, J)^ the moduli space of stable real degree B morphisms from possibly 
disconnected nodal symmetric surfaces of Euler characteristic 2(1 — g) with l pairs of conjugate 
marked points. For each i = 1,..., l, let 

evi: Wf gt i(X, B ; J)* —♦ X, [u, (^ + , sf), ■ ■ • > ( z i~’ z f )] —* u ( z t), 

be the evaluation at the first point in the z-tli pair of conjugate points. If l ^ 2, let 

Wh(X,B-,J)* = ev,_ 1 ([u]) = ev,([u])}. 

The short exact sequence 

0 — Tm'^X, B ; J)* — TW^X, B- — ev*TX — 0 

induces an isomorphism 

* a ^(t^ 4 (x,b-,j)*) ®ev?( a£ p (tx)) (1.3) 

of real line bundles over TX'*i(X, B ; J)^. 


The identification of the last two pairs of conjugate marked points induces an immersion 

®?-2,l+2(*, B; jf — Mj )t (*, J)* . 


(1.4) 


This immersion takes the main stratum of the domain, i.e. the subspace consisting of real morphisms 
from smooth symmetric surfaces, to the subspace of the target consisting of real morphisms from 
symmetric surfaces with one pair of conjugate nodes. There is a canonical isomorphism 


Nl = 


t *raK; if (x,B;j)* 

TM'' 2 (X,B:J)t 


A+1®cA+2 
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of the normal bundle of i with the tensor product of the universal tangent line bundles for the first 
points in the last two conjugate pairs. It induces an isomorphism 

^A^ p (TM;„ 2i , +2 (X, J B;J)^)®A|(£ i+1 ® c £ i+2 ) (1.5) 

of real line bundles over 9Jtg*_ 2 / +2 (X, B; J)^. Along with (11.31) with (g, l) replaced by (g — 2,1 + 2), 
it determines an isomorphism 

A (TWl g _ 2 j +2 (X, B; Jf\^ 2 i+2[X ,B-,J)*) ® A i(A+i®cA+2) ^ 

* *;■>)*)) ®evf +1 (A^ p (TA)) 

of real line bundles over 9Jt g *_ 2 ,/+2 (X,B;J)*. 

Theorem 1.2. Let (X,u ;,</>) be a real-orientable 2n-manifold with 2Z, g,leZ^°, Sei7 2 (X;Z), 
and J e ■ The isomorphism m is orientation-reversing with respect to the orientations on 
the moduli spaces determined by a real orientation on (X,u,<f>) and the canonical orientations on 
£i+i®c£i +2 and TX. 

The substance of this statement is that the orientations on i +2 (X, B, J)^ induced from the 

orientations of 9Jt ff _ 2 j +2 {X,B,J)^ and Tl g l (X,B,J )^ via the isomorphisms (11.31) and m are 
opposite. This unfortunate reversal of orientations under the immersion (11.11) can be fixed by mul¬ 
tiplying the orientation on 9U* ; (A, B, J)^ described at the end of [11, Section 3.2] by (—l)Ls , / 2 J+ 1 5 
for example. Along with the sign flip at the end of Section 12.31 this would change the canonical 
orientation on Oil* t (X, B, J)^ ,CT constructed in the proof of Em Corollary 5.10] by (—l)h'/ 2 J+l cr !o ) 
where |ajo is the number of topological components of the fixed locus of (S,er). This sign change 
would make the genus 1 degree d real GW-invariant of P 3 with d pairs of conjugate point con¬ 
straints to be 0 for d = 2, 1 for d = 4, and 4 for d = 6. In particular, it would make the d = 4 
number congruent to its complex analogue modulo 4; this is the case for Welschinger’s (genus 0) 
invariants for many target spaces. However, this property fails for the (g, d) = (1, 5) numbers (the 
real enumerative invariant is 0, while its complex analogue is 42). 

We note that the statement of Theorem ll.2l is invariant under interchanging the points within the 
last two conjugate pairs simultaneously (this corresponds to reordering the nodes of a nodal map). 
This interchange reverses the orientation of the last factor on the left-hand side of (11.61) . because 
the complex rank of A+i®cA +2 is 1, and the orientation of the last factor on the right-hand side 
of (|1.6j) . because the complex rank of TX is odd. 

Remark 1.3. If ne 2Z and 2 g+l ^ 3, the comparison of Theorem [L2] should be made with the tangent 
bundles of the moduli spaces of maps twisted by the tangent bundles of the moduli spaces of curves 
as in [TT1, (1.3)]. The isomorphism (11.61) is then replaced by its tensor product with the inverse 
of (14.400 . The proof of Theorem 11.21 implies that this isomorphism is orientation-preserving, since 
the orientation-reversing isomorphism (14.411) now enters twice. The above interchange still preserves 
this conclusion, since it now preserves the orientation of TX and A+i®cA +2 appears twice. 

1.3 Comparison with complex orientation 

Let g^eZ^ 0 . We define a go-doublet to be a two-component smooth symmetric surface (X,cr) of 
the form 

X = Si uX 2 = {1} x Xq u {2} x Xq, cr(i, z) = (3—*, z) V (i, z) eS, (1.7) 
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where So is a connected smooth oriented genus go surface and So denotes So with the opposite 
orientation. The arithmetic genus of a go-doublet is 2go — 1. 

Suppose (X,l v,4>) is a real-orientable 2n-manifold, leBeH- 2 {X] Z), and With (S,cr) 

as in (11.71) . let 

c W 2go _ hl (x,B- j)* 

denote the open subspace of real J-holomorphic maps from (S, a). For each sc {1 ,... ,1}, let 

migo-iM ’ B ; c ^go-i, i(x, B-, j)*’ a 

be the open subspace consisting of marked maps so that the second point in the z-th conjugate 
pair lies on Si if and only if ie s. In particular, 

Wf 2go _ij(X,B; J)t'° c □ (m go j(X, B () ; J)x9Jl go j(X, ~^B 0 ; J)) , (1.8) 

B 0 eH 2 (X ;Z) 

Bo—<t>*Bo=B 

where Wl go j(X, Bo; J) is the usual moduli space of degree Bq J-holomorphic maps from smooth 
go curves with l marked points. The projection 

m- 2go - ltl (X,B;J)+’° — \Jm gOi i(X,B 0 -,J) (1.9) 

B 0 eH 2 (X-Z) 

Bo—<ji*Bo=B 

to the first factor in (11.81) is a diffeomorphism (in the sense of Kuranishi structures). The moduli 
space on the right-hand side of (11.91) carries a natural orientation obtained by homotoping the 
linearization of the 5-operator to a C-linear Fredholm operator; see m Section 3.2]. We will call 
the orientation on the left-hand side of (11.91) induced by this orientation the complex orientation of 

^2 S0 -i A x iB;J)f’ a . 

Theorem 1.4. Suppose (X,uj,(j)) is a real-orientable 2n-manifold with nfTL, go^eZ^ 0 , (S,cr) is 
a go-doublet , BeH- 2 (X\'L), and Je jj 1 . The orientation on Wl 2go _n(X, B; J)f’ a induced by a real 
orientation on (X, w,</>) and its complex orientation differ by (—i)so+i+M. 

Since the orientation on 9?t* ; (X, B; J)® induced by a real orientation on (X, cu,</>) is compatible 
with orienting the fibers of the forgetful morphisms 

mh +1 (X,B-, jf — W g j(X,B; Jf (1.10) 

by the first marked point in the last conjugate pair, the statement of this proposition is compatible 
with the forgetful morphisms. Under the assumptions of this proposition, the “complex” dimension 
of the right-hand side of (11.91) in the l = 0 case, i.e. 

dim£ rt m gofi (X, Bo; J) = <ci(TX), B 0 > + (n-3)(l-g), 

is even. Thus, the “conjugation” diffeomorphism 

L|9^9o,o(- y ^o; J )—* l_\m gofi (X,B 0 ;J), [u,j]— 

B 0 eH 2 {X-,Z) B 0 eH 2 {X-,Z) 

Bo—<f>*Bo=B Bo—cf)*Bo=B 
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is orientation-preserving. This implies that the validity of Theorem 11.41 is independent of the or¬ 
dering of the topological components of X. 

An illustration of Theorems [L2l and PI in the genus 0 case is m Lemma 5.2], It describes the 
normal bundle to a stratum of genus 0 maps consisting of a central component with a pair of 
conjugate bubbles, i.e. a 0-doublet , attached. This boundary stratum is oriented by choosing one 
of the nodes and taking the complex orientation associated with the corresponding bubble. The 
claim of m Lemma 5.2] is that the normal bundle is then oriented by the complex orientation of the 
smoothings of this node. According to Theorem 11.41 the “canonical” orientation of this boundary 
stratum is obtained by taking the opposite of the complex orientation on the distinguished bubble. 
According to Theorem 11.21 the orientation of the normal bundle is then opposite to the complex 
orientation of the smoothings of the distinguished node. Thus, m Lemma 5.2] is a consequence 
of Theorems 11.21 and 11.41 


1.4 Comparison with spin and relative spin orientations 

Let A be a topological space, bclbea subspace, and F —*Y be a real oriented vector bundle. 
A relative spin structure on F consists of a real oriented vector bundle E — * A and a spin structure 
on F@E\y. If (A, (j)) is a topological space with an involution and ( L,q i) is a real bundle pair 
over (A", (j>) , the map 

2 —* L* (v,w )— *v + \w, (1.11) 

is an isomorphism of real oriented vector bundles over AT Thus, a real orientation on a real bundle 
pair (V,ip) as in Definition 11.11 determines a relative spin structure on the real oriented vector bun¬ 
dle V* — >X <t> with E = L* in the above notation; we will call this structure the associated relative 
spin structure on V v . If in addition L$ —> is orientable, 2(L*)^* has a canonical homotopy 

class of trivializations as in the proof of im Corollary 5.6]. Such a real orientation on (V,tp) thus 
determines a spin structure on V lf ; we will call the latter the associated spin structure on . 


Let r be the standard involution on P 1 ; we take it to be given by z —> 1 /z on C. For / ^ 2, we denote 
by Mqi the uncompactified moduli space of equivalence classes of (P,r) with l pairs of conjugate 
marked points. The Deligne-Mumford compactification A4 q 2 of M.q 2 includes 3 additional stable 
real two-component nodal curves. A diffeomorphism of A4q 2 with a closed interval is given by 



M + = [0,oo], [(zl,Z! ),(z?,z 2 )] 



4~ z i 

Z 2~ Z i 


v +|2 


\ 1 ~ z l/ z 2 12 


( 1 . 12 ) 


It takes the two-conrponent curve with z+ and z 2 on the same component to 0 and the two- 
component curve with and z 2 on the same component to 00 . For l ^ 2, the fibers of the forgetful 
morphism 

-^04+1 * M 0 j 

are oriented by the canonical complex orientation of the tangent space at the first marked point in 
the last conjugate pair. It follows that the moduli space M 0 1 is orientable. 


Let (A, c v,4>) be a real symplectic manifold. By [111 Theorem 1.3], a real orientation on (A, c o,(f>) 
and an orientation on A4 0 2 determine an orientation on each moduli space 9?to.z(A, B] J)^ ,r of 
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real J-holomorphic maps from (IP 1 ,?") to (X,<p). The standard approach |24l to orienting 
9Jt(y(X, B; J)P ,T involves orienting the associated moduli space of disk maps from a relative spin 
structure on TX^ — >X (f> -, in some cases, the resulting orientation on the disk space descends to an 
orientation on TIqi(X,B; J)P ,t . Theorem 11.51 below compares the orientations on 9Jlo t i(X, B; J)^ ,T 
resulting from the two approaches to orienting it. Both approaches involve some sign conventions, 
which we specify next. 

The construction of the orientation on the real line bundle ()2. 12f) in the proof of [Til Proposi¬ 
tion 5.9] involves a somewhat arbitrary sign choice for the Serre duality isomorphism [11] (5.21)]. 
The (real) dimensions of its domain and target are 3(g —1) + 21. Thus, this choice has no effect on 
the homotopy class of this isomorphism or the resulting orientation of the real line bundle (12.121) if 
2Z. If ge 2Z, changing this choice changes the resulting orientation of (12.121) and the orientation 
on the moduli spaces TX g> i(X, B; J)P ,(T of real maps. In light of Proposition 14.181 the above sign 
choice is determined by a choice of orientation of the real line bundle (12.121) over A4 0 2 - I n this 
case, the operator dc is surjective and its kernel consists of constant M-valued functions. Thus, an 
orientation on (12. 12|) over _A4 0 2 is determined by an orientation on A4 0 2 . As in [TUI Section 3], we 
orient A4 0 2 hy the diffeomorphism (11.121) . 

Let G t denote the group of holomorphic automorphisms of (P 1 ^). The exact sequence 

0 —> T^S 1 — T id G r — T 0 C — 0 

and the standard orientations of S 1 and C determine an orientation on G r . Let ^q(X. B ; J) denote 
the space of (parametrized) degree B J-holomorphic real maps from (P 1 ,? - ) to (X, </>); thus, 

9K 0)0 (X, B- J)*’ t = <£o(X, B ; J)/G t . (1.13) 

An orientation on the left-hand side of (11.131) determines an orientation on ^q(X, B ; J) via the 
canonical isomorphism 

A^ op (T n %(X,i?;J)) * A^° p (T [n] 911o,o(^,i?; J)*’ T ) <g> A^ op (T id G r ). (1.14) 

An orientation on the marked moduli spaces SUto,; (X, B ; J) T,< ^ is then determined by orienting the 
fibers of the forgetful morphisms (11.101) by the first marked point in the last conjugate pair. Since 
G t has two topological components, an orientation on fPo (X, T; J) may not descend to the quo¬ 
tient (11.141) . By [8] Theorem 6.6] with (E,t) = (L,</>)*, a real orientation on (X, w,0) induces an 
orientation on ^q(X, B ; J) that descends to this quotient and extends to the stable map compact- 
ification. 

The (virtual) tangent space of tyo(X, B; J) is the index (as a K-theory class) of the linearization 
of the ^j-operator at u. An orientation on this index, or equivalently on det D( TX ,d<p)\u, is de¬ 
termined by a relative spin structure on TX ^see the proof of j6[ Theorem 8.1.1] or [il8l 
Theorem 6.36]. If this orientation descends to the quotient (11.131) . the induced orientation on the 
latter depends on the ordering of the two lines on the right-hand side of (11.141) if 

dimj rt 9Jl 0j0 (X, B- J)^ T = <ci (TX),B) + n- 3, 

is odd. If ( X,u;,q i) is real-orientable, this is the case if and only if ne2Z. 
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The marked moduli space 9JIqj(X, B; J)^' t can also be oriented by first orienting the marked 
parametrized space B; J ) from the orientation of *Po(Af, B\ J ) via the forgetful morphism as 

in (11.101) and then taking the quotient as in (11.131) . If 1^2, we can then take (X,B) = (pt,0) and 
obtain an orientation on 

Mo,2 = ^0,2 (pt,0) id ’ T . 

With the orienting convention (11.141) . this orientation agrees with the orientation on A4 q 2 deter¬ 
mined by the diffeomorphism (11.121) . 

Theorem 1.5. Suppose (X,uis a real-orientable manifold, leTX®, BeH- 2 {X-,Ti), and JeffS- 
The orientations on 9 JIqj(X, B; J)^' T induced by a real orientation on (X,ui, <f) as in Defj,nit,ion \l.l\ 
and by the associated relative spin structure on TX& — *X$ differ by (—where 

(c 1 (X),B) + 2 

£( -4- ' 

If in addition L$ — *X^ is orientable, then the orientations on 9Jloj(X, B\ J)^ ,T induced by the real 
orientation on (X,u>,(j)) and by the associated spin structure on TX^ are the same. 

A key step in the proof of this theorem in Section 13.21 is Proposition 13.51 it obtains an explicit 
comparison of orientations of determinants of Fredholm operators. This comparison is in the spirit 
of the undetermined sign of [24, Proposition 8.4], As indicated in Section [3731 and illustrated in [12J, 
Proposition 13. 5l makes it possible to determine the equivariant weights of vector bundles along torus 
fixed loci in settings such as in [16, Section 5], j22[ Section 4], and [4J Section 6.4], We in fact 
give three proofs of Proposition 13.51 a direct computation and as a consequence of the equivariant 
computations in [Tj. 

Remark 1.6. The approach to orienting the moduli spaces of real maps from (IP 1 ,!") to (X,(j)) by 
“stabilizing” the real bundle pair (TX, df) with two copies of a real bundle pair (E, t) over ( X , f) is 
introduced in [8|. For these moduli spaces, the orienting procedure of m Theorem 1.3] specializes 
to the orienting procedure of [8]. While the stabilizing real bundle pair ( E,t ) in [8] can be of any 
rank, the purpose of ( E,t ) is also fulfilled by A^ p (E,t) and so it is sufficient to restrict to the 
rank 1 real bundle pairs. On the other hand, the proof of Theorem 11.51 readily extends to real 
bundle pairs (. L , f) of any rank. In sharp contrast to the relative spin orienting procedure of [6] 
Theorem 8.1.1], the orientation from the approach of [8] with a rank 1 real bundle ( E,t ) depends 
only on w\(E T ) and the spin structure on TX^@2E T , not on (E,t) itself; see Remark 13.101 

1.5 Outline of the paper and acknowledgments 

Section [2] sets up the notation necessary for the remainder of this paper and summarizes the orien¬ 
tation construction of m- Theorems 11.41 and 11.51 are proved in Sections 13.11 and 13.21 respectively. 
Section 13.31 obtains a number of computationally useful statements concerning orientations of the 
determinants of real Cauchy-Riemann operators on real bundle pairs. Theorem 11.21 is established 
in Section [3l 

We would like to thank E. Brugalle, R. Cretois, E. Ionel, S. Lisi, M. Liu, J. Solomon, J. Starr, 
M. Tehrani, G. Tian, and J. Welschinger for related discussions. The second author is very grateful 
to the IAS School of Mathematics for its hospitality during the initial stages of our project on real 
GW-theory. 
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2 Notation and review 

We set up the necessary notation involving moduli spaces of stable maps and curves in Section 12.11 
We then recall standard facts concerning determinant lines of Fredholm operators in Section 12.21 
Section [3] reviews some of the key statements from HU. 

2.1 Moduli spaces of symmetric surfaces and real maps 

Let (X, a) be a genus g symmetric surface. We denote by T> a the group of orientation-preserving 
diffeomorphisms of X commuting with the involution a. If (X, (f>) is a smooth manifold with an 
involution, le Z^°, and B e H 2 (X]'L), let 

r& g ,l{X,B)^ a c *8 g (X)+’ ff x X 2Z 

denote the space of real maps u : (X,<r) —> (X,(j>) with u*[X]^ = B and l pairs of conjugate 
non-real marked distinct points. We define 

H gil {X,B)^ = ^B g ^X,B)^ a xJ£)/V a . 

If J ^ Ju , the moduli space of marked real J-holonrorphic maps in the class B e Hq{X ;Z) is the 
subspace 

M g j(X,B-, = {[n, (^, zf),. .., (zf,zf ),j]eH g ,i(X, B)^ : d Jg u = 0}, 

where 8j j is the usual Cauchy-Riemann operator with respect to the complex structures J on X 
and j on X. If g + l ^ 2, 

Ml, = 9rt ff ,,( P t,0) id ’ CT - 'H g j(pt, 0) id,cr 

is the moduli space of marked symmetric domains. There is a natural forgetful morphism 

f :U g ,i{X,B)*' a -+Mlu (2.1) 

it drops the map component u from each element of the domain. 

We denote by 

Wg,l(X, J)M 3 m g j(X, B- J)M 

Gromov’s convergence compactification of 9Jt g j(X, B ; obtained by including stable real maps 
from nodal symmetric surfaces. The (virtually) codimension-one boundary strata of 

Mg t i{X, B- J)M - m 9)l (X, B; J)M cz W 9tl {X, B- J)*>" 

consist of real J-holomorphic maps from one-nodal symmetric surfaces to ( X , <j>). Each stra¬ 
tum is either a (virtual) hypersurface in 9Jt Sj /(X, £>; J)^ ,a or a (virtual) boundary of the spaces 
D1l g j(X,B;J)M for precisely two topological types of orientation-reversing involutions a on X. 
Let 


W g ,l (X,B;J)* = \J m gJ (X, B; J)M 

a 


and Wlg }l (X, B; J)* = J <m g>l (X, B; J)*’ a 

(7 
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denote the (disjoint) union of the uncompactified real moduli spaces and the union of the com- 
pactified real moduli spaces, respectively, taken over all topological types of orientation-reversing 
involutions donS. If g+l^ 2, we denote by 

Mh EE 0 ) id,<T 3 Mgj , MAT 9 , z ee m 9il ( pt, o) id = U Mh 

(7 

the real Deligne-Mumford moduli spaces. The forgetful morphism (12.111 extends to a morphism 

f ^RM gtl (2.2) 

between the compactifications. 


2.2 Determinant line bundles 

Let (V, <p) be a real bundle pair over a symmetric surface (E,<r). A real Cauchy-Riemann (or CR-) 
operator on (V, <p) is a linear map of the form 

D = d+A:T(X-,Vy ={£er(X;V): £o<T = <po£} 

—> ^(E;!^ = {C^r(E; (T*£, j) 0 ’ 1 ®^^): C°d<r = ^oC}, 

where d is the holomorphic d-operator for some j e and a holomorphic structure in V and 

A e T(E; Hom M (V, (T*E, j) 0 ’^!/))^ 

is a zeroth-order deformation term. A real CR-operator on a real bundle pair is Fredholm in the 
appropriate completions. 


If X, Y are Banach spaces and D: X —>Y is a Fredholm operator, let 

det D = A^ p (ker D ) 0 (A^ p (cok D)) * 

denote the determinant line of D. A continuous family of such Fredholm operators Dt over a 
topological space T-i determines a line bundle over Ti , called the determinant line bundle of {Dt} 
and denoted det D\ see m Section A.2] and [27] for a construction. A short exact sequence of 
Fredholm operators 

0 -> X' -> X -* X" -> 0 


D' 


D 


D" 


0 -* Y' -> Y -> Y" -> 0 

determines a canonical isomorphism 


det D 3 (det D') 0 (det D"). (2.4) 

For a continuous family of short exact sequences of Fredholm operators, the isomorphisms (12.411 
give rise to a canonical isomorphism between determinant line bundles. 


Families of real CR-operators often arise by pulling back data from a target manifold by smooth 
maps as follows. Suppose ( X , J, cf >) is an almost complex manifold with an anti-complex involution 
and (V, <p) is a real bundle pair over (A, 0). Let V be a (^-compatible connection in V and 

A e T(A; Hom M (V, (T*X, J) 0 ’ 1 0c V)) v . 
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For any real map u: (£, a) —> ( X , (f>) and jej7^, let V n denote the induced connection in u*V and 

4 ; „ = Aodjue^(S;Hom M (^F,(T"S,)) 0 - 1 ® c ^ t *F))^ v, . 


The homomorphisms 


% = ^(v l 


+ i o V“ o j), D {v ^. u = dj + A j;u : r(S; u*V) u ^ 


rP’ 1 (E;u*K) u *' p 


are real CR-operators on u*(V,ip) —>(E,<r) that form families of real CR-operators over families 
of maps. If g, ^eZ^° and let 

det D (v ^ —> ® fl> , (X, B)^ x Jg 

denote the determinant line bundle of such a family. It descends to a fibration 

detD (VtV) 

which is a line bundle over the open subspace of the base consisting of marked maps with no 
non-trivial automorphisms. 


Example 2.1. Let (V, tp) = (C, c); this is a real bundle over (pt, id). If g+l ^ 2, the induced family 
of operators dc = ^(C,c) on ^ g i defines a line bundle 

det dc —* Mgj ■ 

If ( X, (f>) is an almost complex manifold with an anti-complex involution cj) and 


(V, tp) = (X xC,(/)Xc) —> (X, (p), 


then there is a canonical isomorphism 

det D {C)C) « f* (det dc) 

of line bundles over 'H g ^{X, B)^ A . 

For a real CR-operator D on a rank n real bundle pair (V,tp) over a symmetric surface (E,er), 
we define the relative determinant of D to be the tensor product 

det D = (det D) ® (det ds-c )^ 11 , (2-5) 

where detds ; c is the standard real CR-operator on (£,er) with values in (C, c). This notion plays 
a central role in the construction of real GW-theory in [lU- 


Let (X,u,(j)) be a real symplectic 2n-manifold, g,le Z >0 , BeH2(X;7d), and 

[u] = [u, (z+,zi),(zf,zf),j\ e M g j(x, B- J)* . 

Denote by the domain of u. If 

C = ('E u ,(zf,zi),...,(zf ,zf), j) 

is a stable curve, then the forgetful morphism (12.21) induces an isomorphism 

A^ p {T [u] m gJ (X,B-J)^) * (detD {Txmu ) ® A^(T [c] ^,) . (2.6) 

Orientations on the two lines on the right-hand side of (12.61) thus determine an orientation on the 
left-hand side of (12.61) . If (X,u,4>) is real-orientable and n is odd, as in the cases relevant to the 
present paper, the index of D( TX ^i(t))-,u is odd if and only if ge 2Z. The induced orientation on the 
left-hand side of (12.61) then depends on the specified order of the factors on the right-hand side 
of flZE}. 
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2.3 Real orientations and relative determinants 


Let ( X , 4>) be a topological space with an involution and (V, ip) be a real bundle pair over ( X , <f). An 
isomorphism 0 in (11.11) determines orientations on V v and . Given a real orientation 


on (V,ip) as in Definition ll.il we will call these orientations the orientations determined by (R02) if 


0 lies in the chosen homotopy class. An isomorphism 0 in (11.11) also induces an isomorphism 


A t c op (D©2L^, <p®24>*) * A t c op (D, tp) ® (L*, <£*)® 2 

* {L,4>)® 2 ®(L*,4>*)® 2 « (SxC,crxc), 


(2.7) 


where the last isomorphism is the canonical pairing. We will call the homotopy class of isomor¬ 


phisms (12.71) induced by the isomorphisms 0 in (R02) the homotopy class determined by (R02) 


Proposition 2.2. Suppose (S,<r) is a symmetric surface, possibly disconnected and nodal, and 
{V,<p) is a rank n real bundle pair over (S,<r). A real orientation on (V,<p) as in Definition \1.1\ 
determines a homotopy class of isomorphisms 


: (F©2L*,</>©2^*) * (ExC n+2 ,uxc) 


( 2 . 8 ) 


of real bundle pairs over (E,cr). An isomorphism T belongs to this homotopy class if and only if 


the restriction o/'L to the real locus induces the chosen spin structure (R03) and the isomorphism 


Aj? p T: Aj? p (P©2L*,^©20*) —> Aj? p (Ex<C n+2 ,uxc) = (SxC.cxc) 


(2.9) 


lies in the homotopy class determined by (R02)\ 


The only cases of this proposition relevant to HU are for E smooth and with one real node. The 
proof of nu Proposition 5.2] establishes Proposition 12.21 under the assumption that E is connected 
and smooth, but it applies without the first restriction. The proof of HU Proposition 6.2] extends 
HU Proposition 5.2] to one-nodal symmetric surfaces and contains all the ingredients necessary to 
establish the full statement of Proposition 12.21 the latter is done in [T3]. The proof of Theorem 1 1.2 1 
makes use of this proposition in the case (S,cr) has a pair of conjugate nodes. This case follows 
readily from HU Proposition 5.2]; see the proof of Lemma 14.41 


Corollary 2.3. Suppose (E,<r) is a symmetric surface, possibly disconnected and nodal, and D 
is a real CR-operator on a rank n real bundle pair (V, tp) over (E,<r). Then a real orientation on 
(V,tp) as in Definition \l.l\ induces an orientation on the relative determinant detD of D. 


For E smooth or one-nodal, this corollary is deduced from the corresponding cases of Proposi¬ 
tion [272] in the proofs of pTl Corollary 5.7] and pT} Corollary 6.6], respectively. The proof of the 
latter readily extends to all symmetric surfaces (E,<r). 


Corollary 12.31 implies that a real orientation on a real symplectic manifold (X,uj,(j)) determines an 
orientation on the line 


det D( TX 4 <j,);u = (det D( TX ,d<j>y,u) ® (det 5c|s u ) 0n • ( 2 -10) 

By [111 Corollary 6.7] and Corollary 14.61 this orientation varies continuously with [u]. 
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Corollary 2.4. Suppose (£,cr) is a symmetric surface, possibly disconnected and nodal, and 
(L,<f) —> (£,<r) is a rank 1 real bundle pair. If L^ —* £ CT is orientable, there exists a canoni¬ 
cal homotopy class of isomorphisms 

(L® 2 ©2L*,0® 2 ©2<^*) * (SxCVxc) (2.11) 

of real bundle pairs over (£,<r). 

As explained in the proof of CD Corollary 5.6], there is a canonical real orientation on the real 
bundle (L,0)® 2 over (£,<r) if L &—* £ CT is orientable. In particular, there is a canonical homotopy 
class of isomorphisms 

(T*£® 2 ©2T£,(d(j*)® 2 ©2da) « (£xC 3 ,uxc) 

of real bundle pairs over (X, a) if X contains no real nodes (of type (H2) or (H3) in the terminology 
of [18 \ Section 3] and CD Section 3.2]). 

Let g,l e Z^° be such that g + l > 2 and (£,<r) be a smooth connected symmetric surface of 
genus g. Combining the Kodaira-Spencer isomorphism, Dolbeault Isomorphism, Serre Duality, 
and Corollaries 12.31 and 12.41 we find that the real line bundle 

A^(T^) © (detdc) — Mg i (2.12) 

is canonically oriented; see the proof of [IT] Proposition 5.9]. If nfTL and the domain T, u of u 
in (12.61) is smooth, the canonical orientation on (|2.12l) and an orientation on (12.101) determine 
an orientation on the line (12.61) which varies continuously with u. Thus, a real orientation on a 
real symplectic manifold (X,u,cj)) determines orientations on the uncompactified moduli spaces 
9Jlg } l(X, B; of real J-holomorphic maps from (£,<r) to (X,(j)). 

By CD Proposition 6.1], the canonical orientations of the real line bundle (12.121) extend across 
a codimension-one boundary stratum of MA4if and only if the parity of the number |<t|o of 
connected components of the fixed locus S' 7 of £ remains unchanged. By construction, the same is 
the case of the orientations on Wl 9i i ( X, B; J)^ ,cr induced by a real orientation on (X,ui,(f>) if nf 2Z. 
In order to orient the compactified moduli spaces 9 7t g j(X, B-, J)^, we multiply the orientation on 
9Jt g j(X, B\ J)v ,a induced by a real orientation on (X,u,(j)) by (—l)9+l <7 l°+ 1 . This does not change 
the orientations whenever the fixed locus S' 7 of £ is separating. 

3 Comparison of orientations 

There are now standard ways of imposing orientations on the moduli spaces iM g i(X, B; for 
certain types of symmetric surfaces (£,<r). Theorems 11.41 and 11.51 compare such orientations with 
the orientations constructed in [llj and briefly described in Section \2. 31 

3.1 Canonical vs. complex 

We continue with the notation and setup of Section 11,31 In the setting of Theorem 11,41 each of 
the factors in (12.101) and ()2. 121) has a natural complex orientation. By Lemma 13.11 below, the 
orientations of the tensor product in (12.101) induced by a real orientation on (X,ui,(f>) and by the 
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complex orientations on the two factors are the same. By Lemma l3.2l the canonical orientation of 
the tensor product in (12.121) and the orientation induced by the complex orientations on the two 
factors differ by (—i)so+i+M. 


The exponent of go +1 above arises for the following reason. Let P be a complex vector space of 
dimension k. The map 


Hom c (V, C) —► Hom R (P,M), 9 — >Re9, (3.1) 

is then an isomorphism of real vector spaces. Its domain is a complex vector space and thus has a 
canonical complex orientation; its image has an orientation induced from the complex orientation 
of P. The isomorphism (13.11) is orientation-preserving with respect to these orientations if and 
only if k is even. The only step in the proof of mi Proposition 5.9] not compatible with the 
natural complex orientations is taking the (real) dual in [Xl, (5.21)]. The sign discrepancy of (13.11) 
for the twists by the marked points is taken into account earlier in the proof. The “remaining” 
vector space in pT] (5.21)] has complex dimension 3go ~3 and accounts for the exponent of go + 1 
in the sign of Theorem 11.41 

A rank n real bundle pair (V, ip) over a doublet (E, a) as in (ll.7|) corresponds to a complex vector 
bundle Vo —>So with 

P = PiuP 2 ee{1}xP 0 u{2}xP 0 , = (3 -i,v) V (i,v)eV, 

where Vo denotes Vo with the opposite complex structure. With these identifications, 

T(E; V)* cr T(E i; Pi) © T(S 2 ; P 2 ), T^E; V) v c T^Ei; Pi) © T^(E 2 ; P 2 ), 
and the projections 

T(E; Vy —* T(S 0 ; Vo) and r?’ 1 (E; Vy a T®’ 1 (E 0 ; Po) (3.2) 

to the first component are isomorphisms of real vector spaces. Via these projections, every real 
CR-operator D on the real bundle pair (P, <p) corresponds to an operator 

Do : T(E 0 ; Vo) —* r?’ 1 (E 0 ; Vo) • 

The projections (13.21) induce isomorphisms between the kernels and cokernels of D and Do and 
thus an isomorphism 

det D % det Do • (3-3) 

Since Do is a real linear CR-operator on Po in the sense of [201 Definition C.1.5], det Do has a 
canonical “complex” orientation obtained by homotoping Do to a C-linear Fredholm operator; 
see [20] Section 3.2]. We will call the orientation on detD induced from this orientation via the 
isomorphism (13.31) the complex orientation of detD. 

Lemma 3.1. Let (E,cr), (P ,ip), and D be as above. The orientations of the relative determi¬ 
nant det D of D induced by a real orientation on (P, (p) as in Corollary 1 2. .91 and by the complex 
orientations on the two factors are the same. 
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Proof. The homotopy class of isomorphisms as in (12.81) determined by a real orientation on (V, ip) 
determines an orientation on the line 

(det D( V q 2 L* i¥ >© 20 *)) ® (^ et ^s ; c) ^ 

(det (-C ) (y0 2 i* i¥ ,0 2 ^*)) o ) ® (det( 5 s;c) 0 ) 

Any isomorphism in (12.81) corresponds to an isomorphism 

^ 0 : V 0 @2L* — S 0 xC n+2 

of complex vector bundles over So by the restriction to Si c; S. The isomorphism in (13.41) is 
orientation-preserving with respect to the orientation on the left-hand side induced by \k and the 
orientation on the right-hand side induced by To- Since \ko is a C-linear isomorphism, the operator 
on So x C n+2 induced by v ^ a * s a rea ^ li near CR-operator. Since any two 

such operators are homotopic, the orientation on the last factor in (13.41) induced from the complex 
orientation of the third factor in (|3.4I) is the complex orientation. Thus, the orientation on the 
left-hand side of (13.41) induced by a real orientation on {V. <p) is the orientation induced by the 
complex orientations on the two factors. 


By (12.41) . there are horizontal canonical isomorphisms 


det D 


(y®2L*, I p©2 < />*) 

13.31 


(detD (ViV) ) 0 (deti? (£ * ) ^ ) ) 

13.31 


®2 


lot 


( 3 . 5 ) 


det(-D(y02£* ! y J 02<)>*)) o « (det(.D(y )¥ ,)) 0 ) ® (det(S)( iH! Q ) 


(x>2 


making the diagram commute. Thus, the top isomorphism in (13.51) is orientation-preserving with 
respect to the complex orientations on the three determinants. The orientation of det D induced 
by a real orientation on (V, ip) as in Corollary 12.31 is obtained by combining 

(1) the orientation on LHS of (13.41) induced by, 

(2) the top isomorphism in (13.51) . and 

(3) the canonical orientations of (det ^)® 2 and (det d^c)^ 2 - 

By the last sentence of the previous paragraph and the sentence after (13.5p . this is the orientation 
induced by the complex orientations on the two factors. □ 

For geZ and Ze Z^° with g+l^ 2, we denote by 

RMlj 3 RM'gj 

the Deligne-Mumford moduli space of possibly disconnected stable nodal symmetric surfaces of 
Euler characteristic 2(1— g) with l pairs of conjugate marked points and its subspace consisting of 
smooth curves. If with 2go + ZS>3 and (52, cr) is a go-doublet as in (11.71) . let 

290—1,1 = ^ 2 , 0-14 (pt,0) id ’ CT cz RM - 2go _ 1}l . 
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For each s cz {1,let 


-^2g 0 -l,l;s ~ ^2g 0 -l,KPt) 0)s d,<T c -^2g 0 -l,l 

be the open subspace consisting of marked curves so that the second point in the i-th conjugate 
pair lies on Si if and only if ies. In particular, 

M 2go-l,l;s C M 90,l X M 90,l > ( 3 - 6 ) 

where M go j is the usual Deligne-Mumford moduli space of smooth genus go curves with l marked 
points. The projection 

-^290-lTa — M go ,1 (3.7) 

to the hrst factor in (13.61) is a diffeomorphism. The moduli space on the right-hand side of (13.71) 
carries a natural complex orientation. We will call the orientation on the left-hand side of (13.71) 
induced by this orientation the complex orientation of M. 2 9o -\ i- s - 

Lemma 3.2. Let go,leZ^ 0 with 2go + l~^3 and (S,<r) be a go-doublet. The canonical orientation 
on the real line bundle 


^w P (TM% 0 _ u ,) ® (det? c ) — (3.8) 

constructed as in the proof of m Proposition 5.9] and the orientation induced by the complex 
orientations of the factors differ by (—i)3o+i+|s| . 

Proof. Since the interchange of the points within a conjugate pair reverses the canonical orientation 
of (13.81) . it is sufficient to establish the claim for 5 = 0. Let 

[C 0 ] = [S 0 , 2 e M go j and [C] = [S, ..., (*, + ,zf),ju(-j)] e M% g 0 _ ±il . 

Similarly to the proof of m Proposition 5.9], we define 

TC 0 = TS 0 (-z+-...-z+), T*C 0 = T*Z 0 (z+ + ... + z+), 

TC = TS(- 2 1 + - 2 1 --...-z 1 + -z | -), T*C = r*S(«j H +zf +.. . + z+ +zf). 

Denote by SCo the skyscraper sheaf over So and by SC + , SC~ , and SC the skyscraper sheaves 
over S given by 


SC 0 = T* S 0 


I zT + ...+Z7 


sc + = T* S 


z7+...+z? 


SC~ = T* S 


Z, +... + Z, 


SC = SC+&SC- 


The projection 

7Ti: H°( S; SC) a = (H°( S; SC + )®H°( S; SC"))' 7 —> H°{ S; 5C+) = H°( S 0 ; 5C 0 ) (3.9) 

is an isomorphism of real vector spaces. In the proof of hh Proposition 5.9], we orient the domain 
of this isomorphism and its dual, i.e. the space of homomorphisms into R, via the isomorphism 

7rf:ff°(S;5C + )* = T +S0.. .©T z+ S — (ff°(E; SC) a )* 

from the complex orientations of T+£,... ,T+ £. Thus, the isomorphism 

z i z i 


Hom c (i7 0 (S 0 ;5C 0 ),C) » 77°(S;SC + )* (F°(S; SC) a )* (3.10) 
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is orientation-preserving with respect to the complex orientation on the left-hand side and the 
orientation in the proof of im Proposition 5.9] on the right-hand side. 


The Kodaira-Spencer map, Dolbeault isomorphism, and Serre Duality for [C] e -M^go-i l as ™ [ID 
(5.20),(5.21)] and [Co]eM go j form a commutative diagram 


T [C] M 2g 0 -\,i-^H l {T 1 -TC) ,J — ^Utf 1 (£;TC) <T —®(Ar°(£;T*C®T*£) ,T )* 

* * « < * 

T [C 0 ]M go ,i -^^(EoiTCo) -^^(EojTCo) Hom c (tf°(£ 0 ; T*C 0 ®T*£ 0 ), C) 


with the vertical arrows given by the restrictions to Si = So- Since the isomorphisms in the bottom 
row of the above diagram are C-linear, the natural isomorphism 

CMVu) ® A£ p ((tf»(E;T*C®r*5T)*) ; 

~ A r(%o]X a »,l) ® A^(Homc(H 0 (So;r*Cb®T*Eo),C)) 

is orientation-preserving with respect to the orientation on the left-hand side in the proof of ED 
Proposition 5.9] and the orientation on the right-hand side induced by the complex orientations on 
the factors. 


Since 2g^ + l ^3, 

H\ S 0 ; T*C 0 ®T*S 0 ) = 0, dim c H°( S 0 ; T*C 0 ®T* S 0 ) = 3g 0 -3 + l. (3.12) 

The short exact sequence of sheaves [TT1 (5.22)] over S and its analogue over So induce a commu¬ 
tative diagram of exact sequences 

H°( S; T*S®T*S) CT - H°( S; T*C®T*Y>) a — H°( S; SC) a - T* £®T*£) ,T 

SB % 7T1 SB % 

H°{ S 0 ; T*S 0 ®T*S 0 ) — H°( S 0 ; T*Cq®T* S 0 ) — Pf°(S 0 ; 5C 0 ) — /^(Eo; T*S 0 ®T*S 0 ), 

where we omit the zero vector spaces on the ends of the two rows. Since the isomorphisms in the 
bottom row of the above diagram are C-linear, the natural isomorphism 

Ag P (iP°(S; T*C(x)T*S) fT ) ® det d(T*s,do-*) 02 ® A^ >p (i7°(S 0 ; SC) a ) 

* AR P ( J ff 0 (S 0 ;T^o®^So),C) ®det(a (T * Sid(J * )02 ) o ® A;° p (^ 0 (S 0 ;5Co)) 

is orientation-preserving with respect to the orientation on the left-hand side in the proof of ED 
Proposition 5.9] and the orientation on the right-hand side induced by the complex orientations on 
the factors. 


By the choice of the orientation on SC) a , the isomorphism it* in (13.1011 is orientation¬ 

preserving with respect to the complex orientation on its domain. Since the complex dimension 
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of the last vector space is l, it follows that the sign of the vertical isomorphism tt\ in the last 
commutative diagram is (— l) 1 . Thus, the sign of the natural isomorphism 

A^ op (tf°(£;T*C®T*£r) ® det 5 (T * s , d(T * )02 

* Ar(#°(£o;T*Co®T*£ 0 ),C) ®det(d (T * s , dCT *)0 2 ) o 

with respect to the orientation on the left-hand side in the proof of El Proposition 5.9] and the 
orientation on the right-hand side induced by the complex orientations on the factors is (— 1 ) ; . 

By Lemma 13.11 the natural isomorphism 

det 5( T * SjdCT *)®2 ®detds ; c ^ det(d( T * Sjd(T *)® 2) 0 ® det(d E; c ) 0 (3-14) 

is orientation-preserving with respect to the orientation on the left-hand side induced by a real 
orientation on (T*E,dcr *)® 2 and the orientation on the right-hand side induced by the complex 
orientations on the factors. The canonical orientation on the real line bundle ([3.81) is obtained by 
combining the canonical orientations of the left-hand sides of (|3.11l) . (|3.13l) . and (13.1411 . 

By the second statement in (|3.12l) . the sign of the canonical isomorphism 

A^ op ((tf 0 (£;T*C®T*£)' T )*) ® A^ op (tf°(£;T*C®T*£) <7 ) 

* AR P (Homc(L^°(S 0 ; T*C 0 ®T*£ 0 ),C)) <8> A^ p (iL°(£ 0 ;T*C 0 ®T*£ 0 )) 

with respect to the canonical orientation on the left-hand side and the orientation on the right-hand 
side induced by the complex orientations on the factors is (—l) 390 ~ 3+i . Combining this with the 
sign of the isomorphism (I3.13H . we obtain the claim. □ 

Proof of Theorem \l.f\ Throughout this argument, we will refer to the orientation on the mod¬ 
uli space ^2g 0 -i l(X, B\ Jp determined by a fixed real orientation on as the canonical 

orientation. Since the canonical orientation is compatible with orienting the fibers of the forgetful 
morphism (jl.lOl) by the first point in the last conjugate pair, we can assume that 2g^ + l ^3. Let 
[u] be an element of 9Jt* go _i i(X, B; [uo] be its image under (|1.9|) . and \C\& M. 2 go -i i s an d 

\Co\eM go j be their images under the forgetful morphisms to the corresponding Deligne-Mumford 
moduli spaces. 


The canonical orientation of the tangent space at [u] is obtained from the canonical isomorphism 

ArP^uI^-m^S; J)?) <g> (detd S;C )® ( " +1) 


((det D^x^) |u)®(det d E; c) S> ") <8> (T [c] M% go _ lil;s ) ® (det<9 E;C )) 


(3.15) 


determined by the forgetful morphism ( 12.211 and the canonical orientation of (det ^S;c)®^ n+1 ^ for 
n^2Z. The orientation of the first tensor product on the right-hand side of (I3.15H is determined 
by the real orientation on ( X,uo,q i) as in Corollary 12.31 The orientation of the last tensor product 
on the right-hand side of (I3.15H is the canonical orientation of [111 Proposition 5.9]. The standard 
complex orientation of the tangent space at [u d ] is obtained from the canonical isomorphism 


A£ p { T [u 0 ]m go>l (X,B Q -, J)) <g> (det(5s ; c) 0 )® (n+1) 

* ((det(L>( TX)d 0 )| u ) o )®(det(a S;C ) o )® n ) <g> Ar P (% o ]^ 9 o ,0 ® (det(d E;C ) 0 ) 


(3.16) 
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determined by the forgetful morphism to the Deligne-Mumford space and the standard complex 
orientation of det(dc|s„)o- The orientations of all four factors on the right-hand side of (13.161) are 
the standard complex orientations. 

The restriction to Si = So intertwines the isomorphisms (13.151) and (|3.16l) and respects the four 
factors on the right-hand sides. By Lemma 13.11 the isomorphism between the first pairs of factors 
on the right-hand sides is orientation-preserving. By Lemma 13.21 the sign of the isomorphism 
between the last pairs of factors is (—l) 3 o+i+js. This establishes the claim. □ 

3.2 Canonical vs. spin and relative spin 

We establish Theorem PI and similar statements by relating the orientations arising from Corol¬ 
lary [2J3] to the orienting procedure for the determinants of Fredholm operators over oriented sym¬ 
metric half-surfaces described in [9j. 

An oriented symmetric half-surface (or simply oriented sh-surface) is a pair (E b ,c) consisting of an 
oriented bordered smooth surface E 6 and an involution c: dT, b —>5E b preserving each component 
and the orientation of dT, b . The restriction of c to a boundary component (5E b )j is either the 
identity or the antipodal map 

a: S 1 — *S 1 , z — *-z, 

for a suitable identification of (dE 6 )* with S' 1 c C; the latter type of boundary structure is called 
crosscap in the string theory literature. We denote by 

^E b ,^E b c dT, b c E b 

the unions of the standard boundary components of (E 6 , c) and of the crosscaps, respectively. If 
5fE b = 0, (E b ,c) is a bordered surface in the usual sense. An oriented sh-surface (E b ,c) doubles to 
a symmetric surface (E,cr) so that a restricts to c on the cutting circles (the boundary of E fc ); see 
(9j (1.6)]. In particular, E CT = dgE 6 . Since this doubling construction covers all topological types 
of orientation-reversing involutions a on E, for every symmetric surface (E,<r) there is an oriented 
sh-surface (E b ,c) which doubles to (E,<r). 

A real bundle pair ( V b ,c) over an oriented sh-surface (E b ,c) consists of a complex vector bun¬ 
dle V b —> E fc with a conjugation c on V b \ 8T b lifting c. Via the doubling construction after 0 
Remark 3.4], such a pair ( V b ,c) corresponds to a real bundle pair (V, ip) over the associated sym¬ 
metric surface (E,<r) so that V b = V \and c is the restriction of tp to V b \g^b. In particular, 

W - (rf = V\z. - 

is a totally real subbundle. 

By m Lemma 2.4], the homotopy classes of trivializations of the real bundle pair (V, ip) over 5JE b 
correspond to the homotopy classes of trivializations of its top exterior power A^ P (V, <p). If (L,</)) 
is a rank 1 real bundle pair over (E,<r), the real bundle pair 2 (L,cj)) has a canonical homotopy 
class of trivializations over 5fE b ; see the proof of j4j Theorem 1.3]. Thus, a homotopy class of 
trivializations of (V, ip) over 5fE b corresponds to a homotopy of trivializations of (V, <^)®2(L, </>). 
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Furthermore, a homotopy class of isomorphisms of real bundle pairs as in (11.111 determines a ho- 
motopy class of trivializations of the restriction of (V, <p) to It also induces an orientation on 

the real vector bundle V^ 

If the real vector bundle V v —> is oriented, a relative spin structure on V^ consists of an 

oriented vector bundle L —> S and a homotopy class of trivializations of the oriented vector bundle 

V v ® Llgc^b ► = T, a . (3.17) 

Since every oriented vector bundle over T, b is trivializable, the vector bundle L| S b — >T, b admits a 
trivialization Along with a trivialization of (I3.17p . the restriction of to L\ S c^b induces a 
trivialization of V v . If dfS b = 0 and the rank n of V is at least 3, the homotopy classes of the 
trivializations of V^ induced by two trivializations of L\^b differ on an even number of components 
of^£ b = d£ b . 

A real CR-operator on a real bundle pair (V b ,c) over an oriented sh-surface (E b ,c) is a linear map 
of the form 

D b = d b +A: r(S b ;F fe )^{Cer(S b ;F b ): £oc = co£| 5s(i } 

— V) = r(S b ; (T*^ b ,j b )°^0 c V b ), 

where 8 b is the holomorphic 0-operator for some complex structure ] b on E b and holomorphic 
structure in V b and 

A e r(£ 6 ;Hom R (F b , (T*£ b , j 6 ) 0 ’ 1 ®^ 6 )) 

is a zeroth-order deformation term. By [9] Corollary 3.3], ) b doubles to some j if and only if c 
is real-analytic with respect to j b . In such a case, D b is Fredholm in appropriate completions and 
corresponds to a real CR-operator D on the associated real bundle pair (V,ip) over (£,<r); see [9] 
Proposition 3.6]. In particular, there is a canonical isomorphism 

det D = (det D) ® (det Os-c)®" & (det D b ) (x) (det 0|. c )® n = det D b , (3.18) 

where n = rkcR, ds ; c is the standard real CR-operator on the trivial real bundle pair (SxC,<rxc) 
over (£,<r) as in Example 12.11 and d^. c = >. c is the standard real CR-operator on the trivial 

relative bundle pair (£ b xC,cxc) over (S 6 ,c). 


An orientation on the right-hand side of (13.181) thus determines an orientation on the left-hand side 
of (|3.18l) . By the proofs of |l8[ Lemma 6.37] and [9, Theorem 1.1], an orientation on the former is 
determined by a collection consisting of 


(OC1) a homotopy class of trivializations of V^ over 

(OC2) a homotopy class of trivializations of the real bundle pair (V, tp) over df T, b . 


If n 5= 3, changing the homotopy class in (OC1) within its orientation class over precisely one 


topological component of changes the induced orientation on the right-hand side of (13.181) . 
Changing the homotopy class in (OC2) class over precisely one topological component of <9JE b also 
changes the induced orientation on the right-hand side of (13.181) . 
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Let ( L,q i>) be a rank 1 real bundle over (E,<r) and Dl be a real CR-operator on By the 

sentence above containing (OC1) and (OC2)| applied with V replaced by R©2L, an orientation on 


(det (D @D 2 l)) ® (det^ ; c) 


Xft \<B>(n+ 2) 


(detl? 6 )®(det ds ;C ) e9n ® (det L>|)® 2 ® (det ds ;C )^ (3.19) 


\<H>2 


is determined by a trivialization Vv® 2 L of the real vector bundle V ip ®2 over <9 q T, b and a triv- 
ialization V ; y® 2 L °f the rank 1 real bundle pair (V© 2 L, ip02f>) over dfE b . Since the last two 
factors in (13.191) are canonically oriented, ?/V©2 L and V ; y©2L thus determine an orientation on the 
right-hand side of (13.181) . We will call it the stabilization orientation induced by ipv® 2 L and V’\/® 2 L> 
omitting ^' V&1L T, b = 0 and Vv© 2 l if 8^ = 0. 


Via (II.lip with L* replaced by L, Vv® 2 l also induces a trivialization of ()3.171) . If <5fS 6 =0, ifv® 2 L 
thus determines a relative spin structure on V^, and another orientation on the right-hand side 
of (13.181) . We will call the latter the associated relative spin (or simply ARS) orientation. If L& — >E CT 
is orientable (but dfTP is not necessarily empty), then 

• ?/Vffi 2 L and the canonical homotopy class of trivializations of 2 determine a homotopy class of 
trivializations of V v over dfi E 6 , and 

• V’y 02 ^ and the canonical homotopy class of trivializations of 2 (L, <f) determine a homotopy class 
of trivializations of (V, tp) over t^E 6 . 

Thus, y/v©2L and V’v r ® 2 L determine another orientation on the right-hand side of (13.181) in this case; 
we will call it the associated spin (or simply AS) orientation. Lemmas 13.3113.71 and Corollary 13.81 be- 
low compare these three orientations on the right-hand side of (13.181) . 


In the case of the involutions 

r: P 1 —»P\ z—* 1/z, and rj: P 1 —► P 1 , z—► -1/z, 

we can take E 6 to be the unit disk around the origin in CcP 1 . This will be our default choice in 
these settings. 

Lemma 3.3. With notation as above, suppose (E,cr) = (P^r). If L& — * S 1 is orientable, the 
stabilization and AS orientations on the right-hand side of 113.18\) induced by a trivialization Vv© 2 l 
of V*®21} are the same. 

Proof. Fix a trivialization ifi, : L b> —> S' 1 x R; the canonical homotopy class of trivializations of 
2L^ is the class containing 2i/jl. A trivialization t/v of V v lies in the associated homotopy class 
of trivializations of V^ if and only if Vv© 2 L and ' ( /V © 2 r fr lie in the same homotopy class of 
trivializations of R </, ©2 . In this case, the natural isomorphism (13.191) is orientation-preserving 
with respect to the orientation on the left-hand side induced by Vv® 2 l and the orientations on 

(det H 6 )®(det 3|;. c )® n and ((det L>£)®(det d^.c ))® 2 (3.20) 

induced by ify and y/V, respectively. Since the last orientation is the same as the orientation 
induced by the canonical orientations of (det-D ^)® 2 and (detd^.^.)® 2 , the stabilization orientation 
on the first tensor product in (|3.20l) induced by ifv® 2 L and the AS orientation (i.e. the orientation 
induced by ipy) are the same. □ 
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Lemma 3.4. With notation as above, suppose (£,<r) = (P^r). If L® — > S 1 is orientable, the 
stabilization and ARS orientations on the right-hand side of A3.181) induced by a trivialization ifv® 2 L 
of V‘ p Q>2L ( t > are the same if and only if degLe4Z. 

Proof. Let d = degL. By [l] Proposition 4.1], we can assume that (L,</>) is the holomorphic line 
Opi (d) with the standard lift of r. Since L^ —>5 1 is orientable, de 2Z. By |20., Theorem C.3.6], 
there exists a trivialization 'Sf b L of L| S f, so that 

= {(e w ,ae id9 / 2 ): e w eS\ aelJcS'xC. (3.21) 

Let be the trivialization of L^ given by 

V'l ({ _ 1 (e W , ae idd / 2 )) = {e id ,a)eS 1 x R. 

The trivialization of L\g S b induced by 2ifa via (jl.llj) with L* replaced by L is then described by 

*!= L\s& — S l xC, * 8 L {{* b L r\e id ,c)) = (e w , ce~ ide / 2 ) V(e i0 ,c) e S 1 x C. (3.22) 

Thus, the homotopy classes of and differ by d/2 times a generator of 7 Ti(SO(2)) 

Let Vv and if' v be trivializations of such that and V’y@'J / zJ<9£ 6 be i R the same homotopy 

class of trivializations of V V Q>2L^ as Vv® 2 L- By Lemma 13.31 the stabilization orientation on the 
right-hand side of (13.181) induced by Vv ©2 l is the orientation induced by ifv as in the proof of 
P) Theorem 8.1.1]. By definition, the ARS orientation on the right-hand side of (13.181) induced 
by Vv© 2 l is the orientation induced by tf'y. By (|3.22p . ipv and tpy are homotopic (and thus the 
two induced orientations are the same) if and only if d/2e2Z. □ 

Suppose (S,<t) = (P^r) and degL = 1. Similarly to the proof of Lemma 13.41 [1, Proposition 4.1] 
and P01, Theorem C.3.6] imply that there exists a trivialization of L\y>b so that (13.211) holds 
with d= 1. Let V’o be the trivialization of 2given by 

V>o({^}- 1 (e l0 ,a 1 e i0 / 2 ),{^}- 1 (e i0 ,a 2 e 10 / 2 )) = (e 10 , (a, + ia 2 )e i0 / 2 ) e (3.23) 

for all ai, o 2 eR. 

Proposition 3.5. The orientation on det D b L = (det D b L )® 2 induced by the trivialization ifo as in 
the proof of J21 Theorem 8.1.1] agrees with the canonical square orientation. 

We give three proofs. In the first one, we write out the real holomorphic sections and the relevant 
trivializations explicitly. In the second proof, we use the comparisons of different orientations on 
the moduli spaces of real lines obtained in [3|. The last argument deduces the claim directly from 
the fixed-edge equivariant contribution determined in [3]. In all three arguments, we take Dj j to 
be the standard 5-operator in Opi(l). 

Proof 1 . Let P^ = P 1 — { 1 } . The holomorphic map 

h: R = {teC: \t\ < l}—>P\ t —► e w , 
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is injective and intertwines the standard conjugation on B with r on P 1 . We can assume that 

L = ( h(B ) xC u xC)/~, ( h(t),tc ) ~ ( h(t),c ) V (t,c)e(B — 0) xC, 

(p([t, c]) = [t, c] V (t,c)sBx C, cj)([z,c]) = [t(^),c] V (z,c)ePixC. 

The space of real holomorphic sections of L is then generated by the sections si and s 2 described by 

s i(W) = !. » 2 ([«]) = v ze¥ »- 

The canonical orientation for det D^ L is then determined by the basis 

S11 = (S1)0), S12 = (S2,0), S 21 = (0, si), S 22 = (0, S 2 ), 

for the kernel of the surjective operator D^ L - 

We define a trivialization of L over the unit disk around z = 0 in CcP 1 by 

= (e l< )2i—c) V (t,c)eBxC, 

^l([>,c]) = (z,2i(z-l)c) V (z,c)e (P^ —{ 00 }) xC. 

This trivialization satisfies (13.211) with d= 1. The trivialization ip 0 of 2L^ over S' 1 extends to the 
trivialization 

T 0 : 2L|pi_ {0 oo} —♦ (P 1 —{0, 00 }) x C 2 , 

T 0 ([z,ci], [z,c 2 ]) = [z : \{z—z~ l )c\ — z^ 1 — z) 2 c 2 , z _1 {l — z) 2 c\ + \{z—z~ 1 )c 2 ) ■ 

This trivialization intertwines 2 (p with the standard lift of T|pi_{ 0) oo} t° a conjugation on the trivial 
bundle (Pi — {0, 00 }) x C 2 . 

We note that 

{T 0 sii}( 2 ) = (iz~ 1 (z 2 -l),z~ 1 {l-z) 2 ), {'I'oSi 2 }(^) = (z-'^l + zf^z^il-z 2 )), 

{T 0 s 2 i}(^) = (-^(l-^) 2 ,^ -1 ^ 2 - 1 )), {^o^}^) = ( -u -1 (1-z 2 ),2: -1 (1 + z) 2 ). 

The orientation on det induced by the trivialization ipo is obtained from the isomorphism 

ker D\ l —>M©M®{Res z=0 (ToO: ^eker D h 2L ), £ —► ({^of}(l),Res*= 0 (^oO) • 

The last space above is a complex subspace of C 2 . Under this isomorphism, the basis sn, S 12 , S 21 , S 22 
is sent to 

(0,0; -i, 1), (4,0; 1, i), (0,0; -1, -i), (0,4; -i, 1). 

Thus, an oriented basis for the target of the above isomorphism is given by 

(4,0; 0,0), (0,4; 0,0), (0,0; -i, 1), (0,0; l,i). 
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The change of basis matrix from the first basis to this one is given by 


/ 0 1 0 0 \ 

0 0 0 1 

10 0 1 ' 

V o i -i o / 

The determinant of this matrix is +1. 

Proof 2 . Define 

T3 : P 3 — > P 3 , [Z\, Z2, Z3, Z4J —> [Z2, Z\, Z4. Z 3], 

lOT/P 1 ) = !Xrti(P 1 , l) T ’ r , (P 3 ) = 9Hi(P 3 , l) T3 ’ r . 


□ 


The inclusion l : P 1 
Let 


—>P 3 as the first two coordinates induces an embedding of 9JTi(P 1 ) into 9Jti(P 3 ). 




T l{ o)P 3 
^(o)P 1 


and 




T M] 9?ti(P 3 ) 

T [l)0] fmi(pi) 


denote the normal bundle of P 1 in P 3 at [1, 0,0,0] and the normal bundle of 0Jti(P 1 ) in SDTi(P 3 ) at i 
with the positive marked point at z = 0, respectively. The former is a complex vector space and 
thus is canonically oriented. The differential of the evaluation map evi induces an isomorphism 


d[ 4 ,o]evi: A/[ t)0 ]91t—* A/" t ( 0 )P. (3.24) 

By m Lemma 5.3], this isomorphism is orientation -reversing with respect to the algebraic orienta¬ 
tions on fDt/P 1 ) i n 2Hi(P 3 ) defined in fl] Section 5.2], 


Since the normal bundle of (P/r) in (P 3 ,T 3 ) is isomorphic to 2(L,(f>), the composition 

ker D\ l — T^SHiOP 3 ) — 

is an isomorphism. Combining it with ()3.24l) . we obtain an isomorphism 

ker D\ l — Af^Tl — A/] (0) P. (3.25) 

Since the canonical orientation on det D h 2L is obtained from the isomorphism 

ker D b 2L —■» 2L 0 , £ —> £(0), 

and the complex orientation on Lq, the isomorphism (|3.25l) is orientation -preserving with respect 
to the canonical orientation on the left-hand side. 


The real vector bundle 

44/ —» S 1 = MP 1 c P 1 (3.26) 

carries a canonical spin structure; see [5J Section 5.5]. Along with Euler’s sequence for P 3 , it deter¬ 
mines an orientation on 9Jti(P 3 ); we will call it the spin orientation. It agrees with the orientation 
induced by the trivialization 2i/jq over S 1 . Along with Euler’s sequence for P 1 and the relative spin 
orienting procedure of [6] Theorem 8.1.1], the canonical spin structure on (13.261) determines an ori¬ 
entation on 91ti(P 1 ); we will call it the relative spin orientation. Along with the spin orientation on 
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9Jti (IP 3 ) , it induces an orientation on A/j, 0 ]9?t; we will call it the spin orientation. Since extends 
over the disk E^cP 1 , the first isomorphism in (13.2511 is orientation-preserving with respect to the 
orientation on the left-hand side induced by ipo and the spin orientation on A fo ,0]^- 

As summarized in the paragraph above [H Remark 6.9], the algebraic orientations on iOR (P 1 ) 
and 9Jti(P 3 ) are the same as the relative spin orientation and the opposite of the spin orientation, 
respectively. Therefore, the spin orientation on A/j, 0 ]9tt is the opposite of the algebraic orientation. 
Since the second isomorphism in ()3.25j) is orientation-reversing with respect to the latter, it follows 
that the composite isomorphism in (I3.25P is orientation-preserving with respect to the orientation 
on the left-hand side induced by ip o- Since this is also the case with respect to the canonical 
orientation on the left-hand side, these two orientations on ker Dp, L agree. □ 

Proof 3 . Under a change of coordinate on 2(L, cp) which is homotopic to the identity, the triv- 
ialization ip$ is equivalent to the trivialization [3] (6.13)]. By [3, Section 6.4], there are natural 
S' 1 -actions on (P^r) and 2(L,<p) so that the evaluation isomorphism 

ker D\ l e -^i° 2L|o, £ — £(0), (3.27) 

is S’ 1 -equivariant. By the do = 1, ie 2Z case of [H (6.21)], the S’ 1 -equivariant Euler class of ker D\ l 
with respect to the orientation induced by ipo is given by 

e(kerZ? 2 L) = — (Aj —Aj) ( — A* — Aj) = (Aj —Aj) (Aj + Aj) = e(2L|o) ■ 

This establishes the claim. □ 

Corollary 3.6. With notation as above, suppose (E, a) = (P 1 , r). If —>S’ 1 is not orientable, the 
stabilization and ARS orientations on the right-hand side of A3.181) induced by a trivialization ipy(B 2 L 
ofV*®2L* are the same if and only if deg L — le4Z. 

Proof. Let d = degL. Since — * S 1 is not orientable, d^2Z. Similarly to the proof of Lemma l3.4l 
[1, Proposition 4.1] and [201 Theorem C.3.6] imply that there exists a trivialization of L\^b 
so that (13.211) holds. Let ip 2 L be the trivialization of 2given by 

^ 2 L({^}- 1 (e i0 ,a 1 e ide / 2 ),{^}- 1 (e ie ,a 2 e ld0 / 2 )) = V>o ((e w , ai e i9/2 ),(e w , a2 e w/2 )) e S 1 xC. 

The trivialization d/f of L | 5S i, induced by ip 2 L via (II.lip with L * replaced by L is then described by 

: L\ 8Tib — S 1 x C, ^|({4'l}~ 1 (e ie ,c)) = (e i0 , ce-^ d ~ lW2 ) V(e i0 ,c) e S 1 x C. (3.28) 

Thus, the homotopy classes of and 'L£| 5S i, differ by [d— 1)/2 times a generator of 7Ti(SO(2)) s»Z. 

Let ipv and ip' v be trivializations of V v such that ipv®ip 2 L and ip'- v QA> b L \g S 6 lie in the same homotopy 
class of trivializations of UP®2 L'l’ as ipv® 2 L- By Proposition [331 the stabilization orientation on the 
right-hand side of (13.181) induced by Vv© 2 L via the isomorphism (13. 19p is the orientation induced 
by ipv as in the proof of [6] Theorem 8.1.1]. By definition, the ARS orientation on the right-hand 
side of ([3.181) induced by ipv® 2 L is the orientation induced by tpy. By ([3.28D . ipv and ip' v are 
homotopic (and thus the two induced orientations are the same) if and only if (d—l)/2e2Z. □ 
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Lemma 3.7. With notation as above, suppose (S,cr) = (IP 1 , 77 ). The stabilization and AS orien¬ 
tations on the right-hand side of \3.18\) induced by a trivialization ffy^L °f (f4®2L, <yj®2(/>) are 
the same. 

Proof. Fix a trivialization iff of (L, (/>) over (S' 1 , a); the canonical homotopy class of trivializations 
of 2(L, <f) is the class containing 2if' L . A trivialization ify of (V, p) over (S' 1 , a) lies in the associated 
homotopy class of trivializations of (V, tp) over (S 1 , a) if and only if aR d V’y©2?/’L lie in the 

same homotopy class of trivializations of (R®2L, </?®2</>) over (Ska). In this case, the natural 
isomorphism 113.191) is orientation-preserving with respect to the orientation on the left-hand side 
induced by V’y ©2 L anc l the orientations on (13.201) induced by if' v and if' L , respectively. Since the 
last orientation is the same as the orientation induced by the canonical orientations of (det D b L )® 2 
and (det d^.)® 2 , the stabilization orientation on the first tensor product in (13.201) induced by V ; y© 2 L 
and the AS orientation (i.e. the orientation induced by ip'y) are the same. □ 

Corollary 3.8. Let (S b ,c ), (S,ct), (V,p), (L,(f>), D, and D b be as above Lemma [PI 

(1) If dfE b = 0 and (dS b )i, • ■ ■, (dS 6 ) m are the components of = dS b , then the stabilization 
and ARS orientations on the right-hand side of \3.18\) induced by a trivialization of R </3 ®2 L^ 
are the same if and only if 

deg L- = ^i(L^)| ( 5 S 6 ). ^0}| e 4Z. 


(2) If L^ —*■ is orientable, then the stabilization and AS orientations on the right-hand side 

of A3.18\ ) induced by a trivialization ofV' p @2L^ > and a trivialization of (V02L, p02c/))\gc^b are 
the same. 


Proof. For each i = 1,..., m, let 


£i{L) 


0 , if Wl (1^)1(0536)4=0, 
1 , if wi(L^)| (aE b } .^0. 


As in the proofs of [18[ Lemma 6.37] and [9| Theorem 1.1], we pinch off a circle near each boundary 
component (dS 6 ),: to form a closed surface 0 with m disks B \,..., B m attached. We deform the 
bundles V and L to bundles Vo and Lq over the resulting nodal surface So so that degLolE' = 0. 
Thus, a trivialization of Lo|^s 6 that extends over each disk extends over So- The two determinants 
on the right-hand side of (13.18[) are canonically isomorphic to the determinants of the induced real 
linear CR-operators Do and do on Vo and SoxC, respectively. An orientation on (det Ho)®(det do)® n 
is determined by orientations of the analogous tensor products over So and the m disks. The former 
have canonical complex orientations. If dfTi b = 0 , the stabilization and ARS orientations of the 
tensor products of the determinant lines over Bi induced by a trivialization of V^02L® are the 
same if and only if 

degL 0 | Bi ~ £i{L) £ 4Z ; (3.29) 

see Lemma 13.41 and Corollary 13.61 Summing up (|3.29l) over i = 1,..., m, we obtain the first claim. 
The second claim follows similarly from Lemmas 13.31 and 13.71 □ 
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Proof of Theorem 11.51 Since the fibers of the forgetful morphism ( 11 . 101 ) are canonically oriented, 
it is sufficient to establish the claims for 1 = 2. In this case, the moduli space is oriented via the 
canonical isomorphism (12.61) with ( g , l) = (0, 2) and o = r. By the paragraph above Theorem 11.51 
the orientation of the last factor in (12.61) is the same in all three approaches to orienting the 
moduli space. The orientations of the first factor on the right-hand side of (|2.6I) are compared 
by Corollary 13.81 with L replaced by L*. Taking into account that c\{TX) = 2ci(L), we obtain 
Theorem 11.51 □ 


Remark 3.9. It is not necessary to require that the rank n of the real bundle pair (V, (p) being 
stabilized be at least 3, since lower-rank real bundle pairs can first be stabilized with the trivial 
rank 2 real bundle pair. The proof of Theorem 11.51 requires only the (E,er) = (P 1 ,t) case of 
Corollary 13.81 but it is natural to formulate it for arbitrary symmetric surfaces (£,cr). 


Remark 3.10. Two real line bundles —>Y are isomorphic if and only if w±(Lf) = w±(L R ), 

provided Y is paracompact. In such a case, there is a canonical homotopy class of isomorphisms 
between 2L? and 2L®. If —*Y is an oriented vector bundle, a spin structure on R K ©2L? thus 
corresponds to a spin structure on C R ® 2 L 2 - The proofs of Proposition 13.51 and Corollaries 13.61 
and E2 07 imply that the stabilization orientation on the right-hand side of (13.181) induced by a 
spin structure on V ip ®2L^ depends only on w\ (L^) and this spin structure, and not on (L, <fi) itself. 


3.3 Some applications 

We now make a number of explicit statements concerning orientations of the determinants of real 
CR-operators on real bundle pairs over (P^r) and (P 1 ,^). The proofs of these statements, which 
are useful for computational purposes and are applied in m, are in the spirit of Section 13.21 

Let 7 ®—► MP 1 denote the tautological line bundle. For /: MP 1 —>GLfcM, define 

T f: MP 1 x M fc — * MP 1 x M fc by V f (z,v) = (zj(z)v). 

Denote by I"jf 6 O (k) the diagonal matrix with the first diagonal entry equal to —1 and the remaining 
diagonal entries equal to 1 . 

Lemma 3.11. Letk,meZ^°. If k^2, every automorphism T of the real vector bundle 

V k , m = (MP 1 x R k ) © 7717 ? —♦ MP 1 

is homotopy equivalent to an automorphism of the form Tj®Id m7 M for some f : MP 1 —* O (k); 
any two such maps f differ by an even multiple of a generator of 7Ti (SO(&;)). If m ^ 1, the 
automorphism T negating a 7 ? component is not homotopic to Tj©Id m7 R for any constant map f. 
If 2, the interchange T of two of the 7 ? components is not homotopic to T/®Id m7 R for any 
constant map f. 

Proof. Let l£ = I k , xo^MP 1 be any point, and 

(Yk,m) = {’Le Aut(Vfc )m ) : = ^fc"©^m 7 fh 0 }' 

Since 0(k + m) has two connected components, one containing I k+m and the other I k+m , it is 
sufficient to establish the first two claims of this lemma for an automorphism T 6 Auty 0 (I4, m ). 
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Since every line bundle over the interval I=[0,1] is trivial, 

Aut± (V k , m ) * {/eC(I;0(fc+m)): /(0),/(l) = J± +m }. (3.30) 

The first claim thus follows from the map 

7ri(0 (&),/*) ► TTi(0(k+m), Ifr +rn ) 

induced by the natural inclusion 0(A;) —» O (k + m) being surjective for k ^ 2. The second claim 
follows from the kernel of this map being the even multiples of a generator of 717 (SO (&:)). 

By rotating in the fibers of 2y^, the interchange of the two components of 27* 1 can be homotoped to 
the automorphism negating the first component and leaving the second component unchanged. 
Thus, the last claim of the lemma follows from the third. It is sufficient to establish the latter for 
k>l. 


We first consider the (k, m) = (1,1) case of the third claim. Since every line bundle over I is trivial, 

Vl,i = (lx<C)/~, (l,c) ~ (0,c) VceC. 

With respect to this identification, the relevant automorphism T is given by 

Vi,i—» T'i.i, *([t,c]) = [t,c]. 

For each set, define an automorphism T s of V\ \ by 

* s : V 1A — Wi,i, tf s ([t,c]) = Ite^'-^c], 

The family (^ r s ) S G[o.i] is a homotopy from the automorphism T of V\ : \ to the element of Aut“ 0 (I i,i) 
corresponding to the map 

/: (1,0,1) — (0(2 ),I 2 -,I 2 -), t —► e~ 2nit l2 , 

under the identification (13.3011 . Since / is a generator of 7 Ti( 0 ( 2 ), I^~) % Z, its image under the 
homomorphism 

71-1 (0(2), /-) —> tti ( 0 (k + m), Ik+ m ) 

induced by the natural inclusion 0(2)— >0(k+m) is non-trivial. This implies the last claim. □ 

Let a 6 Z^°, (L, 0) be a rank 1 real bundle pair over (P 1 ,! - ) of degree l + 2a, and Dl be a real 
CR-operator on (L,cj>). Fix a nonzero vector eeToP 1 . The homomorphism 

ev L;0 : ker D L — (l + a)L| 0 , ev L;0 (£) = (£(0), V e £,..., V? a £), 

is then an isomorphism. It thus induces an orientation on detH^ from the complex orientation 
of L |o; we will call the former the complex orientation of det Dl- 


Let (Lo, (fro) be a rank 1 real bundle pair over (P 1 , r) of degree 1. If (L\,(fri) and (L 2 , $ 2 ) are rank 1 
real bundle pairs over (P 1 , r) of odd degrees, the composition of the isomorphism ifr 0 in (13.2311 with 
the isomorphism 


Lf 1 ®^ 2 * Lq°©Lq° 
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induced by isomorphisms on each component determines an orientation on 

det_D Ll0L2 % (det D Ll ) <g) (det D L2 ) 

via the isomorphism (13.18[) with T> b being the unit disk around OeC. By the third statement 
of Lemma 13.111 changing the homotopy class of a component isomorphism would change the 
orientation and the spin of the induced trivialization and thus would have no effect on the induced 
orientation. This is also implied by the next statement. 

Corollary 3.12. Suppose 01,02 e Z^°, (L\,cfi) and (1*2,$ 2 ) are rank 1 real bundle pairs over 
(P^r) of degrees l + 2ai and l + 2a2, respectively, and D^ 1 and Dl 2 are real CR-operators on 
and (£ 2 ,^ 2 )- The orientations on l 2 ) induced by the isomorphism 'f/’o in US.23\) 

and by the complex orientations on det(Z?i 1 ) and det (Di 2 ) are the same. 

Proof. The construction of the orientation on the determinant line induced by a trivialization of 
the real part of the bundle in the proofs of [61 Theorem 8.1.1] and [181 Lemma 6.37] commutes 
with the evaluations at the interior points; these can be used to reduce the degree of the bundle. 
Thus, it is sufficient to consider the case ai,a 2 = 0. The latter is Proposition 13.51 □ 

Suppose 

0 —* (V, tp) —* C V.,ip .) ® (V c , ip c ) —> (£, 4>) —> 0 (3.31) 

is an exact sequence of real bundle pairs over (P 1 , r) such that Vif’ —> S' 1 is orientable of rank 
k ^2 and 

m m 

(Vc, ific) = 0 (Vc-i, <f) c -,i) and (£, <}>) = 0 (. L h fc) 

2=1 2=1 

are direct sums of rank 1 real vector bundle pairs of odd positive degrees. By Lemma 13.111 the 
short exact sequence (13.311) and a trivialization of V^f’ determine a homotopy class of trivializations 
of up to 

(1) simultaneous flips of the orientation and the spin, 

(2) composition with an even multiple of a generator of 7Ti(SO(k)). 

Via the isomorphism ([3.181) with T, b being the unit disk around 0 6 C, a trivialization of Vf’ 
thus determines an orientation of the determinant of a real CR-operator Dy on the real bundle 
pair (V,ip). It also determines an orientation of the determinant of a real CR-operator Dy m on the 
real bundle pair (V,,tp m ). A short exact sequence 

0 - * Dy - * Dy m © Dy c -> Djr - * 0 (3.32) 

of real CR-operators on the real bundle pairs in (13.311) gives rise to an isomorphism 

det (Dy) ® det (Dc) & det (Dy,) (g) det (Dy.) . (3.33) 

Corollary 3.13. The isomorphism A3.33\) is orientation-preserving with respect to 

• the orientations on det (Dy) and detfDy, ) induced by a trivialization ofVf’ and 

• the complex orientations on det (Dc) and det (Dy c ). 
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Proof. Since the claim is invariant under augmenting (V c , <p c ) and (C,4>) by the same rank 1 real 
bundle pair of odd positive degree, we can assume that m = 2no! for some m' e Z^°. By Corol- 
larv 13.121 the complex orientations on det (Dc) and det(LV c ) are then induced by the trivializations 
m'lf o of £?•’ and Vc c . The short exact sequence (13.311) determines a homotopy class of isomorphisms 
of real bundle pairs 

(v, <p) © (£, 4 >) (v., ip.) © (v c , ip c ) 

over (P 1 ,! - ). By the above, the orientations on 

det (Dy®Dc) = det (Dy )®det {Dc) and 
det (D v ,@D Vc ) = det (A/.)©det (D Vc ) 

specified in the statement of this corollary are induced by homotopy classes of trivializations of the 
real bundles 

—* s 1 

that are identified under the isomorphism (|3.34l) restricted to the real parts of the bundles. The 
isomorphism (13.331) is orientation-preserving with respect to these orientations. □ 

We will next obtain an analogue of Corollary 13.131 for real bundle pairs over (P 1 , rj). Define a 
C-antilinear automorphism of C 2 by 

c, ; :C 2 — >C 2 , c 71 {v 1 ,v 2 ) = {v 2 ,-vi); 

it has order 4. Let 

7 = Opi (—1) = {(£, u)eP 1 x C 2 : refcC 2 } 

denote the tautological line bundle. For aeZ + , the involution rj lifts to a conjugation on 27 ®“ as 

^- („(<),(c,W)«“,(-c>))®«). 

We denote the induced conjugations on 

20 P i (a) = ( 2 7 ® a ) * and O p 1 (2a) = (20 P i (a)) 

by rj[ a 'l and rj ^, respectively. We note that rj j 2 )' ] 2 r/[ 2 " ) . 

Let a e Z ^ 0 and D a be the real CR-operator on (20 P i (1 + 2a), ) induced by the standard 

d-operator on 20 P i(l + 2a). Fix a holomorphic connection V on Opi (1 + 2a) and a nonzero vector 
eeToP 1 . The homomorphism 

ev a; o : ker D a —> ((l + a)Opi(l + 2 a)|o)®((l + o)Opi(l + 2 a)|o), 

ev a; 0 ( 6 , 6 ) = ((6(0), V e £i, • • ■, V®“ 6 ), (6(0), Ve6, • • •, V®“ 6 )), 

is then an isomorphism. It thus induces an orientation on det D a from the complex orientation 
of 0pi(l + 2a)|o; we will call the former the complex orientation of det D a . 


(3.34) 

(3.35) 


As before, denote by S 1 czP 1 and E^cP 1 the unit circle and the unit disk around OeP 1 , respectively. 
Let if' 0 be the trivialization of (20 P i(l),rf^\) over S' 1 given by 



ia\(l,z)—iz 1 0:2(1 , z) 
Oil (1, z) + z _1 0-2(1, z) 


V («i, a 2 )e 20 P i (l)| z , zeS 1 . 


(3.36) 


31 












This is a component of the composite trivialization appearing in the proof of fTJ Proposition 6.2]. 
The next statement is the analogue of Proposition 13.51 in this setting. 

Corollary 3.14. The orientation on det-Dg induced by the trivialization ip' Q as in the proof of Q 
Lemma 2.5] agrees with the complex orientation. 

We give three proofs of this statement; they correspond to the three proofs of Proposition 13.51 
Proof 1. We denote by p\ and p 2 the two standard holomorphic sections of Opi (1): 

pi(£, {vi,v 2 )) = vi, p 2 (l,{v i,v 2 ))=v 2 V [£, (vi,v 2 )) e 7 . 

The complex orientation for det D q is determined by the basis 

su = {pi,p 2 ), si 2 = (ipi, -ip 2 ), s 2 ± = (-P 2 ,pi), s 22 = (ip 2 ,ipi), 

for the kernel of the surjective operator D q. 

The trivialization ?/>q extends as a trivialization Tg of (20pi (1), i/j 1 ]) over P 1 —{0, 00 } by the same 
formula. We note that 

{tf' 0 *ii}(z) = (0,2), {^ 12 }^) = (-2,0), 

{’J'o^ijCz) = ( -i 2 _1 (l + z 2 ),^ _1 (l-z 2 )), {T / 0 s 22 }(^) = i K z~ l (\—z 2 ) 1 xz~ 1 {l+z 2 )'). 

The orientation on det Dq induced by the trivialization is obtained from the isomorphism 

kerDg — R©R 0 {Res* =o (^) : ^kerD b }, £ — (Re({^}(l)), Res* = 0 (*o£)). 

The last space above is a complex subspace of C 2 . Under this isomorphism, the basis su, si 2 , s 2 i, s 22 
is sent to 

(0,2; 0,0), (-2,0; 0,0), (0,0; -i, 1), (0,0; l,i). 

Thus, an oriented basis for the target of the above isomorphism is given by 

(2,0; 0,0), (0,2; 0,0), (0,0; -i, 1), (0,0; l,i). 

The change of basis matrix from the first basis to this one is given by 


( 0 

-1 

0 

0 ^ 

1 

0 

0 

0 

0 

0 

1 

0 

V 0 

0 

0 

1 ) 


The determinant of this matrix is +1. □ 

Proof 2 . Define 

m : ip 3 —*■ ip 3 ) [-Zi, z 2 , z :i . Z4] —> \Z‘2, —Zi, Z4, —Z3], 

^(p 1 ) = artiO? 1 , i)™, 9ju(p 3 ) = inti (p 3 , i)***. 
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We now proceed through the first two paragraphs of the second proof of Proposition 13.51 replacing 
r, 7 - 3 , and D\ l by 77 , 773 , and D q, respectively. By [3, Lemma 5.3], the isomorphism (|3.24|) is still 
orientation -reversing with respect to the algebraic orientations on 1U1 i(P 1 ) in 5D f ti(P 3 ) defined in [H 
Section 5.2], The isomorphism (13.251) is now orientation-preserving with respect to the complex 
orientation on the left-hand side. 

Along with Euler’s sequence for P 1 and the orienting procedure of [H Lemma 2.5], the trivial- 
ization ijj ' 0 determines an orientation on (P 1 ); we will call it the (/^-orientation. Since the top 
exterior power of the real bundle pair 

2((20pi(l),^)| sl — {S\ V \ s i) cz (P 1 ^) (3.37) 

is canonically a square, it admits a canonical homotopy class of trivializations; see Lemma 2.4 and 
Section 5.5 in [3]. Along with Euler’s sequence for P 3 , it determines an orientation on 9Jti(P 3 ); 
we will call it the square root orientation. Along with the ^-orientation on 0Jti(P 1 ), it induces 
an orientation on AL qi 9JI; we will call it the ^-orientation. Since the square root orientation 
on 9Jti(P 3 ) agrees with the orientation induced by the trivialization 2 t/>q of (|3.37l) . the first iso¬ 
morphism in (13.251) is orientation -preserving with respect to the orientation on the left-hand side 
induced by ip ' 0 and the ^-orientation on A/7 ,o]SDt- 

As summarized in the paragraph above [U Remark 6.9], the algebraic orientations on 9Jti(P 1 ) 
and 9Jti(P 3 ) are the same as the (/^-orientation and the opposite of the square root orientation, 
respectively. Therefore, the (/^-orientation on AL o]9JT is the opposite of the algebraic orientation. 
Since the second isomorphism in (I3.25j) is orientation-reversing with respect to the latter, it follows 
that the composite isomorphism in (|3.25[) is orientation-preserving with respect to the orientation 
on the left-hand side induced by ipQ. Since this is also the case with respect to the complex 
orientation on the left-hand side, these two orientations on ker Dq agree. □ 

Proof 3 . The reasoning in the third proof of Proposition ^. 51 with r and D\ l replaced by r/ and D g, 
respectively, applies without any changes, except [3j (6.13)] is no longer relevant. □ 

By m Lemma 2.4], the homotopy classes of trivializations of (20 P i (l + 2a), 3 ^ 1 ^) over S 1 corre¬ 
spond to the homotopy classes of trivializations of 

Ac P (2C?pi(1 + 2a), r^^ 2a) ) « A£ p (20 p i (1), 77 $) <g> (O p i( 2a), ^ 2a) )® 2 (3.38) 

over S 1 . Since the last factor in (|3.38l) is a square, it has a canonical homotopy class of trivializations 
over S 1 . Thus, the trivialization ipQ of the first factor on the right-hand side of (|3.38l) determines a 
homotopy class of trivializations of ( 20 P i(l+ 2 a),?/[ 1 ] K " < ^) over S 1 and thus an orientation on detH^. 
The next statement is the analogue of Corollary 13.121 it is deduced from Corollary 13.141 in the same 
way as Corollary 13.121 is obtained from Proposition 13.51 

Corollary 3.15. Suppose aeZ^°. The orientation on det D b a induced by the trivialization ipQ as 
in the proof °/0 Lemma 2.5] agrees with the complex orientation. 

Suppose 

0 —> (V, ip) —» ® (V c , cp c ) —> (£, 4>) —* 0 (3.39) 
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is an exact sequence of real bundle pairs over (P 1 , g) such that 

m ^ m 

(Va<Pc) = ©(2dpi(l + 2oi),77^ and (£, 0) = ©(2CV 1 (l + 2a^), g 1 A ) 

2=1 2=1 

for some Oj,o'eZ^ 0 . Since the homotopy classes of trivializations of (V c ,ip c ) Igi correspond to the 
homotopy classes of trivializations of (£,</>) |gi, a homotopy class of trivializations of (V.,</?.)|gi 
determines a homotopy class of trivializations of (V, |^i via the exact sequence (13.391) . Via 

the isomorphism ()3.18jl with E^ being the unit disk around 0 6 C, a trivialization of (Vi,</?.)|gi 
thus determines an orientation of the determinant of a real CR-operator Dy on the real bundle 
pair It also determines an orientation of the determinant of a real CR-operator Dy m on the 

real bundle pair (V., </?.). A short exact sequence (13.32|) of real CR-operators on the real bundle 
pairs in (|3.39l) gives rise to an isomorphism as in (|3.33l) . 

Corollary 3.16. The isomorphism A3.33\) is orientation-preserving with respect to 

• the orientations on det (TV) and det(Dy^) induced by a trivialization of (V,,(p,) over S 1 and 

• the complex orientations on det(Ac) and det (Dy c ). 

Proof. By Corollary 13.151 the complex orientations on det (TV) and det (Dy c ) are induced by the 
trivializations rmf ' 0 of (£,</>) and (V c ,<p c ) over S 1 . The short exact sequence (13.39[) determines 
a homotopy class of isomorphisms (I3.34[) over (P 1 ,?/). Thus, the orientations on (13.351) specified 
in the statement of this corollary are induced by homotopy classes of trivializations of the real 
bundle pairs 

{V,ip)®(C,$),(V.,ip.)®(V c ,(p c ) —* (S 1 ,r]\ s i) 

that are identified under the isomorphism (13.341) restricted to S 1 . The isomorphism (|3.33l) is 
orientation-preserving with respect to these orientations. □ 

4 The compatibility of the canonical orientations 

In this section, we establish Theorem Ol In order to do so, we study how each step in the con¬ 
struction of the orientation on DJl g j(X, B; J)^ in ED Section 5] extends across the strata consisting 
of maps from symmetric surfaces with a pair of conjugate nodes. The argument is similar to 
ED Section 6], which studies the extendability of the orientation on 9Jl g j(X, B; J)^ induced by 
a real orientation on (X. oj, f) across the codimension-one strata. We also compare the resulting 
extensions with the corresponding objects over the normalizations. 

4.1 Two-nodal symmetric surfaces 

We begin by establishing Proposition 12.21 for symmetric surfaces with one pair of conjugate nodes. 
If (£,er) is a symmetric surface, possibly nodal and disconnected, and G is a Lie group with a 
natural conjugation, such as C*, SL n C, or GL n C, denote by C(E,cr;G) the topological group of 
continuous maps /: £ —> G such that f(a(z)) = f(z) for all z e £. The restrictions of such functions 
to the fixed locus E^cE take values in the real locus of G, i.e. M*, SL n R, and GL n R, in the three 
examples. 
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Lemma 4.1. Suppose (X, <r) is a symmetric surface, possibly nodal and disconnected, xeX — YF, 
and G is a connected Lie group with a natural conjugation. For every f eC(Y,a;G) and an open 
neighborhood U czX of x, there exists a path f t eC(Y, a; G) such that fo = f, f\ (x) = Id, and ft = f 
on Y — Uua(U). 

Proof. By shrinking U, we can assume that U na(U) = 0. Let p : X — * [0,1] be a smooth o- 
invariant function such that p{x) = 1 and p = 0 on Y — U u(t(U). Choose a path gt^G such that 
go = Id and g\ = f(x). The path f t eC(Y, a; G) given by 


ft(z) 


r sj£)f/( z )’ [izeU] 

< Hzea(U); 

J(z ), if 


has the desired properties. 


□ 


We will denote the nodes of a connected symmetric surface (X, a) with one pair of conjugate 
nodes by x 22 . A normalization of such (Y,x 22 ,a) is a smooth, possibly disconnected, symmetric 
surface (X,<r) with two distinguished pairs of conjugate points, and (x 2 ,x 2 ); the normal¬ 

ization map takes xf to Xy 2 and x~ to xf 2 . 

Lemma 4.2. Suppose (X,cj) is a connected symmetric surface with one pair of conjugate nodes, 
neZ+, and feC(Y, a; SL n C). If 

/|s ct : X CT —> SL n R 

is homotopic to a constant map, then f is homotopic to the constant map Id throuqh maps 
/ t eC(X,a;SL n C). 

Proof. By Lemma [4.11 we can assume that f(xy 2 ) = Id. Let / e C(X, a\ SL n C) be the function 
corresponding to /eC(X, a\ SL n C). In particular, f(xf ), f(x 2 ) = Id. 


Proceeding as in the proof of mi Lemma 5.4], choose a symmetric half-surface X b c X and a 
neighborhood (/cX of dX fe so that either xf, x\ ew-h or x 2 , xf eT, b — U. Let X 2 = x 2 in the 
first case, X 2 = xf in the second case, and x\ =x 2 in both cases. Take the cutting paths Q so that 
X\,X 2 fCi and the extensions of the homotopies of / from (7, to X b so that they do not change / 
at x\ or x' 2 • Choose disjoint embedded paths 71 and 72 in the disk D 2 in the last paragraph of the 
proof of m Lemma 5.4] from 3D 2 to x\ and X 2 , respectively. Since f(xi) = Id in this case, we can 
homotope / to Id over 7 j while keeping it hxed at the endpoints. Similarly to the second paragraph 
in the proof of this lemma, this homotopy extends over D 2 without changing / over 3D 2 or 73 _j 
and thus descends to X fc . We then cut D 2 along 71 and 72 into another disk and proceed as in the 
second half of the last paragraph in the proof of nn Lemma 5.4]. The doubled homotopy in the 
proof of this lemma then satisfies ft{xf) = ft(x 2 ) and so descends to X. □ 

Corollary 4.3. Let (X, a) be a connected symmetric surface with one pair of conjugate nodes and 

<h, T: (v,(p) —* (X x C n , cr x c) 

be isomorphisms of real bundle pairs over (X, <r). If the isomorphisms 

^\ vv ,^\vr. V* —>XxR", 

Aj. op $, A£T: Aj? p (P, ip) —* A£ p (XxC n ,crxc) = (XxC,ux c) 

are homotopic, then so are the isomorphisms <h and T. 
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Proof. The first paragraph of the proof of m Corollary 5.5] applies without any changes. The 
second paragraph applies with [111 Lemma 5.4] replaced by Lemma 14.21 above. □ 

Lemma 4.4. Proposition \2.2\ holds for connected symmetric surfaces with one pair of conjugate 
nodes. 

Proof. Let V, L —> £ be complex vector bundles and 

01 : V | ± —» V\ ± and 0 2 : L\ x ± —* L | ± 
be isomorphisms of complex vector spaces such that 

V = W~, u~0i(u) VueTl + , and L = L/~, u~0 2 (u) VueL I +. 

Denote by and <J5 2 the lift of ip to V and the lift of 0 to L, respectively. Define 

(W,!p i 2 ) = (y©2L*,^©2^), i>i2 = M2{^2 1 )*-.W\ x ±^W\ x ±. 

Thus, (V,jpi) and [L, tp 2 ) are real bundle pairs over (£,< 7 ) that descend to the real bundle pairs 
(V,ip) and ( L,(f i>) over (£,< 7 ). Furthermore, 


012 0 012 = 012 0 V’12 ■ 


(4.1) 


For any /eC(£, <7; GL n+ 2 C), let 

T/: (£ x C n+2 , ?xc) —> (£ x C n+2 , axe), % f {z, v ) = (z, f(z)v ). 

Let = ® 3 _j for * = 1,2. 


The choices (R02) and (R03) in Definition 11.11 for (£, cr) lift to (£,<r). By [11, Proposition 5.2], 
there thus exists an isomorphism 


(IT, fra) —> (£xC n+2 ,<7Xc) 


of real bundle pairs over (£,<7) that lies in the homotopy class determined by the lifted real 
orientation. It satisfies the spin structure requirement of Proposition 12.21 By the proof of [11( 
Proposition 5.2], can be chosen so that it induces the isomorphism in (12.91) over (£, a) determined 
by the lift of a given isomorphism in (11.11) over (£,<7). This implies that 


{a'xid}o{A^$} = {A^}o{A^ 12 }:A^W\ x+t 


{®±}xA£ p C n+2 = {z±}xC. 


(4.2) 


In the next paragraph, we homotope near so that it descends to an isomorphism T over £; 
the latter satisfies the two properties in the last sentence of Proposition 12.21 By Corollary 14.31 any 
two such isomorphisms T are homotopic. 


Define 0- e GL n+2 C by 

id x 0~ = {<0 x Id} o<Lo0 12 o4> _1 : {x±}xC n+2 —* {xf}xC n+2 . (4.3) 
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By (OH, detc^ ± = l, i-e. ^eSL n+2 C. By (J47TD , ip + = if} . Since SL n+ 2 C is connected, there exist 
/eC(S,(j; SL n+ 2 C) and a neighborhood U of x± in S such that 


m 


if-, if z=Xj z ; 

Id, if zfU u a(U); 


x%$U, U na(U) = 0. 


(4.4) 


By (14.31) and (14.41) . 

{?'xId}o$ /0 $ = $ /0 $oV>i 2 : W\ x ± —♦ {x^}xC n+2 . 


Thus, Tf o4> descends to an isomorphism T in (|2.8|) of real bundle pairs over (E,cr) that induces 
the isomorphism in (12.91) determined by a given isomorphism in (11.11) . □ 


Suppose (E, xf 2 , c) and (E, xf , xf, a) are as above. A rank n real bundle pair (V,p) over (E,<r) 
lifts to a rank n real bundle pair (V,(p) over (E ,a). A real orientation on (V, ip) lifts to a real 
orientation on (V,p). A real CR-operator D on (V, <p) lifts to a real CR-operator D on (V, ip). 
There is a short exact sequence of Fredholm operators 


• r(S; vy ■ 

D 


■ T(E; Vy 


ev + 
x 12 


D 


o —^ r| ) ’ 1 (E; vy —rj ,,1 (E; vy — 

with the last homomorphism in the top row given by 

ev z+ (0 = C(*i )-£(4) 6 K+ = K+=K+ ■ 

Thus, there is a canonical isomorphism 

det D det D (x) Am n R + 
x 12 

of real lines. 


-, 0 , 1 , 


v x+ 

x 12 


■ 0 - 


(4.5) 


(4.6) 


If T is an isomorphism as in (|2.8D and T is its lift to (E, a), then the diagram 

~ ^ ~ ev -|- 

0- ^T(T l ;Ve>2L*) ^p ® 2(|, * -*- T(E; V®2L*V® 2<t> * —V + ©24,% --0 

V ' V ' x 12 





'p 

$ 

ev -|- ' 


0- C( E, a; C n+2 )-C(E, a; C n+2 ) —^C n+2 -0 


commutes. If T is an isomorphism as in (12.81) in the homotopy class determined by a real orientation 
on (V, ip), then the lift T of T to (V, ip) lies in the homotopy class of isomorphisms determined by 
the induced real orientation on (V,ip). These two observations yield the following comparison of 
the orientations on the relative determinants provided by Corollary 12.31 

Corollary 4.5. Let (E,<r), (E,<r), (V, <p), and ( V,<p) be as above. The isomorphism 

<fet D* (c£t D) ® A^ n V;+ ® Al n C n (4.7) 

induced by the isomorphisms m for (V, ip) and (ExC n , ax c) is orientation-preserving with respect 
to the orientation on detD determined by a real orientation on (V, >p), the orientation on detl) 
determined by the lifted real orientation on (V,ip), and the complex orientations of V x + and C n . 
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4.2 Smoothings of two-nodal symmetric surfaces 

For a disk AczC centered at the origin, let 

A* = A-{0}, A 2 = {(t,t): teA}, A^, 2 = A* 2 nA 2 , 
r A : A 2 —> A 2 , r A (t + ,f) = (F,F). 

Thus, A| is the fixed locus of the anti-complex involution r A on A 2 . 

Let C = (E, zi,..., ^) be a marked Riemann surface with two nodes and 7 r : it —<• A 2 be a 
holomorphic map from a complex manifold with sections si,... ,si : A 2 — *U. We will call the 
tuple (tt, si, ..., si ) a smoothing of C if 

• St = 7r _1 (t) is a smooth compact Riemann surface for all teA* 2 ; 

• .Sj(t) A Sj(t) for all teA 2 and iAj] 

• (S 0 , si(0),... ,si(0))=C. 

Suppose C = ( S, (z+, z±),, (zf , zf)) is a marked symmetric Riemann surface with involution a 
and a pair of conjugate nodes, ( 7 r, si,..., si) is as above, and r A : U —*U is an anti-holomorphic 
involution lifting the involution r A . We will call the tuple (w, r A , si,..., s/) a smoothing of C if 
(77, si, taosj, ..., si, ta°si) is a smoothing of C and t a |s 0 =a. In such a case, let at = r A |s t for 
each teAjj. 


With ( 7 r, r A , si,..., si) as above, denote by x± 2 £ S and S —* S the nodes and the normalization 
of S, respectively, and set S* = S — {xf 2 }. Let 

U+ = {{t + ,t~,z+,z+)e A 2 xC 2 : \z+\,\z+\< 1 , z+z+=t + }, 

= {(t + ,t~,z^,z 2 )eA 2 xC 2 : |zf|, |*fc|<l, z^z 2 =t~}. 

As fibrations over A, 


U * (U+ uU 0 u U')/ ~, (t, zf,4) 


(t,zp), if|^f|>|2||; 

(t,zy), if \zf | 


(4.8) 


for some family U' of deformations of E* over A 2 , a choice of coordinates zf- on S centered at x±, 
and their extensions to U. The local coordinates and the family U' in (14.811 can be chosen so 
that U' is preserved by r A and the identification in (14.81) intertwines t a with the involution 


IAq * Uq , (t + , t , , z 2 ) * (t ,t + , z^ , z 2 ). 

In particular, U retracts onto Eq respecting the involution r A . 


(4.9) 


Suppose 7 r : U —> A 2 and r A are as above, (V, <p) —* {U, r A ) is a real bundle pair, and V and A 
are a connection and a 0-th order deformation term on (V, ip) as in Section 12.21 The restriction of 
V and A to (F,^)|(s t ,a- t ) with teAj determines a real CR-operator D t . By [15j Appendix D.4] 
and [3] Section 3.2], the determinant lines of these operators form a line bundle 

det D (v ^ —>A|. (4.10) 
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We denote by det dc —» Aj| the determinant line bundle associated with the standard holomorphic 
structure on (U xC, ta xc). The proof of the next statement is essentially identical to the proof of 
[111 Corollary 6.7], with Lemma 14.41 replacing the use of [111 Proposition 6.2], 

Corollary 4.6. Let (V,ip), and (V,A) be as above. Then a real orientation on (V 7 , ip) as 

in Definition li.il induces an orientation on the line bundle 

det = (det D( V ^) ® (det dc)® n —» A|, (4.11) 

where n = rkcR. The restriction of this orientation to the fiber over each te A ^ 2 is the orientation 
on det Dt induced by the restriction of the real orientation to (V, <^)|(s t ,o- t ) as Corollary 1 2 . 51 

Let (£,<t) be a smooth symmetric surface and (L,(f) be a rank 1 real bundle pair over (£,<r). For 
a pair x=(x + ,x~) of conjugate points of (£,<r), define 

L(x) = L(x + +x~ ), L® 2 (x) = L®cL(x), {L(x)® 2 } 2 = (L(x)® 2 U+©L(x)® 2 |. c -}' iJ0 , 

{£«® 2 }i - {L(x)® 2 }“ © (L® 2 (x)U®L® 2 (x)| I -) i ®’. 

The projection 

{L(x)® 2 }j — {L(x)® 2 }j + = L(x)® 2 | i+ ©L® 2 (x)| i+ 

is an isomorphism of real vector spaces and thus induces an orientation on its domain from the 
complex orientation of its target. This induced orientation is invariant under the interchange of 
x + and x~\ we will call it the canonical orientation of {L(x)® 2 } x . 

For a real CR-operator D L ^)® 2 on (L(x), 0)® 2 , there is a short exact sequence 


0-*- r(S; L® 2 (x)) ‘ 


■ r(E; L(x)® 2 )'’ 


{l(x)® 2 }; 


D L® 2 ( x ) 


°L(x)8 2 


0- 9 - r^’ 1 (S; L® 2 (x))' 


r?’ 1 (E;L(x)® 2 ) < 


') ~y 

of Fredholm operators. By (12.41) . it induces a canonical isomorphism 

det-D L(x )®2 % (detD L <g) 2 ( x )) ® A|({L(x)® 2 }°) . (4.12) 

The analogous exact sequence for an operator D L ® 2 ( x ) on (L® 2 (x), </>® 2 ) yields an isomorphism 

detD i0 2 (x) ^ (detL> L ® 2 ) ® A|((L® 2 (x)| x +©L® 2 (x)| 3 .-)^ ). (4.13) 

Combining these two isomorphisms with the identity isomorphism on det<9s ; c, we obtain an iso¬ 
morphism 

detD L(x) ®2 as (detT» L ® 2 ) ® Ar({L(x)® 2 }^). (4.14) 

Corollary 4.7. With notation as above, suppose the real vector bundle L^ —* S' 7 is orientable. 
The isomorphism ^4-14 ) is orientation-preserving with respect to the orientations induced by Corol- 
laries [Q1 and \2J\ on detH i( - x )®2 and detD L ®2 and the canonical orientation on {L(x)® 2 } x . 


39 















Proof. Let (E, a) be the two-nodal symmetric surface consisting of (E, a) with a 0-doublet P^uPl 
attached at x + and x~\ see m- Let xs ( x + ,x ) be a pair of conjugate points on E —E, with 
x + ePj,_, and (L,(j>) be the rank 1 real bundle pair over (E,<r) such that 

(L, (^) | j, (-L, ^) i (-^O |pl^ u pl (^P(_ * ^Pj_ > ^Ip^ uPj_ ^ * 

Choose a smoothing 

n-.U —>A 2 , T A :U — *U, s: A 2 — >U 

of (S, (x + ,x~) 7 a). ForteA| 2 , (E t ,cr t )« (E, a). 

Let (V, ip) be a real bundle pair over ( U,t /\) that restricts to ( L,q i) over E and 

V(s) = R(s + taos) . 

For teAj^ 2 , the restrictions of the real bundle pairs (V,ip) and (C(s),<^) to (E t ,er t ) are isomorphic 
to ( L,(f >) and (L(x),</>), respectively. The canonical real orientations on (L,(f >)® 2 and (L(x ),</>)® 2 
provided by Corollary 12.41 (like all other real orientations) extend to real orientations on (V, ip )® 2 
and (R(s), (f)®' 2 , respectively. The restrictions of the latter to 

• (Et, < 7 t) with te A ^ 2 are the canonical real orientations on ( L , cf )® 2 and (L(x), 4>)® 2 , respectively, 

• EcE are the canonical real orientation on (L,0)® 2 , 

• P^uPl are the canonical real orientations on 

iPv\ U CV> x c ) aR d (^p*_( x +) u dpl_ (®-)i o'lp^uPi x c ) j 

respectively. 


Let D^ Vlf y g> 2 ;t be a family of real CR-operators on (V, p>)® 2 as above Corollary 14.61 we can assume 
that it restricts to the standard ^-operator over the 0-doublet. It induces a family -D(r/( s ),</j)® 2 ;t °f 
real CR-operators on (R(s),<^)® 2 . Let 

Djj$2 = 0 an d -^L(x)® 2 = ^(V(s),y)® 2 ;0 

be the restrictions of these operators to (E,(x). Similarly to (14.121) . 

det D ( y (s)i¥j) ®2 » (detZ) (v;v) ® 2 ) ® Am({R(s)® 2 }*) 

as real line bundles over te Aj|. By the first bullet point above and Corollary 14. 61 it is thus sufficient 
to show that the isomorphism 

det D l(Z )® 2 * { detD L®i) ® A m({A(x)® 2 }~) ( 4 - 15 ) 

is orientation-preserving with respect to the orientations on det D^,^ 2 and det D^ 2 induced by 

the canonical real orientations on (L(x),</>)® 2 and (L,0)® 2 , respectively, and the complex orienta¬ 
tion on {L(x)® 2 }1. 


40 




Let (L. ip) be the lift of (L, (f)) to the normalization (£, a) of (£, <r); the latter consists of (£, a) and 
the 0-doublet P+uPl. The isomorphisms (14.71) induce a commutative diagram 


det D 


£(x)' 


■ det D 


Lfr)' 


1 ■^U^-'x+ ® AmC 


(d7tD £02 ) ® A4 ({Z(i)® 2 }i)-- (det D Z<S2 ) ® AlL x+ ®AlC® A*({L(x)® 2 }*). 

By the second and third bullet points above and Corollary 14.51 the horizontal isomorphisms in this 
diagram are orientation-preserving with respect to the orientations on the relative determinants 
induced by Corollaries 12.31 and 12.41 and with respect to the complex orientations on the remaining 
lines. 


The left vertical isomorphism in the diagram is the tensor product of the isomorphisms 


det IT 


L xY 


det D~ 


L xV 


P^uPL 


detD £02 | s and 
(det -^Z® 2 | p ^ i _ ipl ) ® 


(4.16) 


The hrst of these isomorphisms is orientation-preserving with respect to the canonical real orien¬ 
tations because L(x)|s = L\%. Under the restrictions to P^ as in m, the second isomorphism 
in (14.161) corresponds to an isomorphism induced by two short exact sequences of C-linear ho- 
momorphisms. Thus, it is orientation-preserving with respect to the complex orientations on 
detl)r r . 8 2 i \ and det ZU 02| as in Section I3TT1 By Lemma [3.11 these complex orienta- 

l P i- UP yJ xi | P i_ uP i 

tions are the same as the orientations induced by any real orientations on the squares. Thus, the 
second isomorphism in (|4. 161) and the left vertical isomorphism in the commutative diagram are 
orientation-preserving with respect to the orientations on the relative determinants induced by 
Corollaries 12.31 and 12.41 Along with the last sentence of the previous paragraph, this implies that 
the right vertical isomorphism is also orientation-preserving with respect to these orientations. □ 

Let E be a smooth Riemann surface and ieE. A holomorphic vector field £ on a neighborhood 
of x in S with £(x) = 0 determines an element 

V4eT*X® c Tj = C. 


Similarly, a meromorphic one-form r/ on a neighborhood of x in £ has a well-defined residue at x, 
which we denote by D\ x rj. For a holomorphic line bundle L —*£, we denote by Q(L) the sheaf of 
holomorphic sections of L. 


If (£,<t) is a symmetric Riemann surface with a pair of conjugate nodes x^ 2 ^^ and x±, are 

the preimages of the nodes in its normalization, let 

T£(—x) = T £( — xj~ — Xi — x 2 — x 2 ), T*E(x) = T*£(xj l “ +x^+x 2 +x 2 ). 

The next statement is the analogue of El Lemma 6.8] in the present situation. 
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Lemma 4.8. Suppose (7r: U — >A 2 ,ta) is a smoothing o/(£,<t) as above. There exist holomorphic 
line bundles T,T —*U with involutions ip,tp lifting ta such that 


(T,<p) | St = (TEt.drAlrst), (f,£)| St = (T*£ t ,(dr A |TE t )*) V teA* 2 , 

n(r| Eo ) = {^6 ^(ts(-x)) : vei x ±+v^±=o}, 

n(r| Eo ) = {r/efl(T*£(x)): ^ X ±rj+9\ X ± V = 0}. 


Furthermore, (T, (5)» (T, <£>)*. 

Proof. We continue with the notation as in ((4.811 and (14.911 . Denote by T vlt U' —* U' the vertical 
tangent bundle. Let 

r=(W 0 + xCuW 0 ACu T vrt Z/) / ~, 


cz 


(t, Zf,Z 2 ,c) 


— cz . 


+ 3 

1 3^I(M±)’ 
+ 3 


if \z^\>\zf\] 


T = (u+ xc u u 0 xc u (rV)*) ; 

d. 


2 dzF KM2 ) 


., | +| , +, ~ < 
±v lf Ull <\ z 2h 


c -3-; 


if |zf | > |^ 2 "|; 


—c 


3Mjr 


if 1 | < |z 


Under the identifications (14.811 . the vector field and one-form on a neighborhood of the node in U 
associated with (t, , zlf , c) gT/q xC correspond to the vector field and one-form on U ( J given by 


c z- 


1 dzp 


- zs 


d 

84 


and 


„ dz i\z t _ „ dzf | St 

(, 1 L- 1 


■ ^ 

respectively (the above equality of one-forms holds for t* ¥=0). Thus, T and T have the desired 
restriction properties. The identifications in the construction of T and T above intertwine the 
trivial lift of (14.911 to a conjugation on (Uq uWq'JxC with the conjugations on T VIt U' and ( T vrt U ')* 
induced by dTA. Thus, they induce conjugations p and (p on T and T. By the same reasoning as in 
the proof of [ 11 , Lemma 6 . 8 ], (T, (p) and (T, <p)* are isomorphic as real bundle pairs over ( U , ta)- □ 

Corollary 4.9. Let (£,cr), and T.T —>U be as in Lemma The orientation on the 

restriction of the real line bundle 

det ~ ( det ® ( det d c) —* A| (4.17) 

to A ^ 2 determined by the canonical isomorphisms of Corollaries \2.3\ and \2-4\ extends across t = 0 as 
the orientation determined by the canonical isomorphism of Corollaries 1 2., 91 and \2.J\ for the nodal 
symmetric surface (£,cr). 

Proof. By Corollaries 12.31 and 12.41 the restriction of the real bundle pair 

(f® 2 ®2T, 0® 2 ®2<p) — (U , r A ) (4.18) 


to the central fiber (£,<r) has a canonical real orientation. Since U retracts onto £ respecting the 
involution ta, this real orientation extends to a real orientation on (14.1811 which restricts to the 
canonical real orientation over each fiber (£t, ot) with t e Aj^ 2 . By Corollary 14.61 the extended 
real orientation induces an orientation on the real line bundle ()4.17[) over Aj|. The restriction of 
this orientation to the fiber over each t e A ^ 2 is the orientation induced by the restriction of the 
extended real orientation to the fiber of (14.1811 as in Corollary 12.31 i.e. the canonical orientation on 
each fiber of (I4.17H . □ 
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The next two statements are the analogues of HD Lemmas 6.9,6.10] for smoothings of two-nodal 
Riemann surfaces and hold for the same reasons. 

Lemma 4.10 (Dolbeault Isomorphism). Suppose (£,a) and (vt,ta) are as in Lemma \j . and 
(L,(j>) —» [U, ta) is a holomorphic line bundle so that degL|v; <0 and degL|xy for each irre¬ 
ducible component S'cE. The families of vector spaces IL|(S t ;L) and lL 1 (S t ;L) then form vector 
bundles R g ir*L and Wir*L over A 2 with conjugations lifting ta which are canonically isomorphic 
as real bundle pairs over (A 2 ,ta). 

Lemma 4.11 (Serre Duality). Suppose (E,cr), (vt,ta), and (T,<p) are as in Lemma \f-8\ and 
( L, (f) —* (IA, ta) is a holomorphic line bundle so that deg L |s > 2g a (Ji)—2 and deg L|jy ^ 2g a (Y 1 ')—2 
for each irreducible component S'cE. The family of vector spaces H®(T> t; L) then forms a vector 
bundle R^tt^L over A with a conjugation lifting ta and there is a canonical isomorphism 

R\k*{L*®T) * (R q g n*L)* (4.19) 

of real bundle pairs over (A 2 ,ta). 

4.3 Canonical isomorphisms and canonical orientations 

Let ,<j) be a symmetric surface with a pair of conjugate nodes. We will next compare the 

orientations of isomorphisms of determinant lines associated with (E,a) which are induced via 
its smoothings (St, at) as in Section 14.21 and via its normalization (S,a). We continue with the 
notation introduced in Section I4~2l 

Let C X ,5 X —> S denote the skyscraper sheaves with fibers C at the preimages xf of the nodes 
of S and fibers T*+S, respectively. The projections 

x i 


tf°(S;C x f — C 2 = Lr°(S;C 4 )©lL 0 (S;C 4 ), 

H°(E;S x f — T;+S©T;+S = H°(E;S X +)@H°(Z;S X +) 


(4.20) 


to the values at and are isomorphisms. We use the first isomorphism to orient H°( S;C X ) CT 
from the standard orientation on C. We use the second isomorphism to orient 77° (X; S x ) a from the 
orientations on T*,X and T*,X induced from the complex orientations on T +X and T +£, respec- 

X{ X% x l x 2 

tively, as in the proof of Lemma 13.21 As indicated at the beginning of Section 13.11 the orientation 
on each T* + X induced from the complex orientation of T+£ is the opposite of the complex ori- 

x i ~ ~ ~ 

entation of T* + X. Thus, the induced orientation on T* + YQfT* + T, agrees with the complex orientation. 

x i X 1 x 2 

The residues of meromorphic one-forms on X provide canonical identifications 

T*S(x)| 4 *C. 

With the notation as in Corollary 14.71 we thus have 


{r*E(x)® 2 }‘ = {T*E(x )® 2 } 2 + ,®{T*E® 2 (x)}‘+ , - HOfrCxfsHV&sj 
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With L = T*Ti , (I4.14P becomes 


det <9 


(T* S(x),(dff)*)® 2 


(detd ( 


(T*S,(d5 1 )*)® 2 


)®A^C®A|C®A4(^ 0 (S;5 x f). (4.21) 


Let —>X be the skyscraper sheaf over Xy 2 - By Lemma 14.81 there is an exact sequence 

o —► o(T <8>2 ) —> c>(t*x(x)® 2 ) —> c x + ©c 2 .- 2 —► 0 

of sheaves over X. Thus, (14.61) applied with (T, p)® 2 \y, and (XxC, <rxc) determines an isomorphism 

(det ® -^-KLl®AigC ^ ^(T*£(x),(d 5 1 )*)® 2 • (4.22) 

Combining this isomorphism with (14. 21ft . we obtain an isomorphism 

(det ®AgC®AgC ^ (det ^(^*g,(dd)*)® 2 ) ® A^C®AgC® A^(/7°(X; S'x)' 7 ). (4.23) 

Corollary 4.12. Let (X,cr), (X,<r), (7 t,ta), and T,T —> U be as in Lemma \2fl^ The isomor¬ 
phism \4-23\) is orientation-preserving with respect to 

• the canonical orientation of Corollary \f.9\ on det d,^ ^ 2 ,, 

• the canonical orientation of Corollaries 12.31 and \2-4\ on det <9/ T *g 

• the orientation on 1L°(X;5 ' X ) <7 described above and the complex orientation on C. 

Proof. The canonical orientation of Corollary 14.91 on det5^-^ 02 j v is the orientation induced by 

the canonical real orientation on the restriction of (T,<p) to X. The latter lifts to the canonical 
real orientation on the real bundle pair 

(T*X(x), (dix )*)® 2 > (X,<r). (4.24) 

By Corollary 14.51 the isomorphism (14.221) is thus orientation-preserving with respect to the ori¬ 
entation in the first bullet item above, the complex orientation on C, and the orientation on 
det ( d s :)*)®2 induced by the canonical real orientation on (14.241) . By Corollary 14.71 the 

isomorphism (14.211) is orientation-preserving with respect to the latter and the orientations in the 
second and third bullet items above. The last two statements together imply the claim. □ 

Let ( 7 r, ta, si,..., si) be a smoothing of a marked symmetric Riemann surface 

C = (X, ( 2 + ,zf(zf,zf)) (4.25) 

with a pair of conjugate nodes, T,T —*U be the holomorphic line bundles with involutions ip, ip 
as in Lemma 14.81 and 

TC = T(y — s\ — T/\os\ — .. .-si-t^osi), TC = T(si + taosi + . . - + si + ta°si) . 
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By the last statement of Lemma 14.81 TC* = TC. Let 

C= (4.26) 

TC = TE(— Zi — zf —... —zf — zf —x± —xf —x^—xf), 

T*C = T*S(zJ l " +zf + .. - + zf + zf +xf +X2 +xj). 

Let SC —> E and SC — * E be the skyscraper sheaves of the cotangent bundles at the marked 
points as in the proof of Lemma [3721 We also denote by SC<^SC the lift of SC to E, i.e. the natural 
complement of the subsheaf S x of SC. 


By Lemma [4.81 taking the (second order) residues of sections of TC®T at x± e E induces an 
isomorphism 

det ® 2 )l s ^ det E,(d5)*® 2 ) ® (4.27) 

it corresponds to the isomorphism (12.411 for the short exact sequence of Fredholm operators rep¬ 
resented by the middle column in Figure |T] Combining (14.271) with the isomorphism (14.6|1 for the 
trivial rank 1 real bundle pair we obtain an isomorphism 

(det ^® 2 )| s ) ® A k C & (det ,(dS*)® 2 )) ® ArC. (4.28) 


The exact sequence represented by the middle row in Figure [T] and its analogue for C determine 
isomorphisms 


det d(j-c®T,<p ® 2 )\ s ^ ( det ^(T,^)® 2 |e) ® ^-R P (^ (S;5C) ), 
det^(' 7 ’*c<g ) T*s,(dCT*)® 2 ) ^ (det 2 )®A K p (iL (E ;SC) ). 


(4.29) 


The isomorphisms (14.291) induce orientations on the first factors on the two sides of (14.28[i from 

(1) the orientations of H°( E; SC) a and H°( E; SC) a described in the proof of Lemma IU121 and 

( 2 ) the canonical orientations on 


det 

det 

provided by Corollaries 12.31 and 12.41 


(det d ( ^ i<?) 0 2 | s ) < 8 > (det d c |s) and 
(det ^d?)*)® 2 ) ® (det dc|g) 


(4.30) 


Corollary 4.13. The isomorphism \f.2hfy is orientation-preserving with respect to the two orien¬ 
tations described above and the complex orientation on C. 

Proof. The exact sequence represented by the first row in Figure [1] and the 1 = 0 case of the second 
isomorphism in (14.291) determine isomorphisms 


det d( T *cig)T*s,( d 3 f*)® 2 ) ^ (det ( d 5 :*) 02 )) ® A r p (L7 (E; S'C) ), 

det^(r*£( x ) 07 ’*g i ( d 5 f*)® 2 ) ^ (det d ~*^ 0 2 ) ® A R (iL (E ;S X ) ). 


(4.31) 
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0 


0 


0 


0 -^ r(S; T*S(x)®T*S)‘ 

0-*-r(S;f® 2 ) <T - 


■T (S;T*C®T*S) ? 


■F°(S;5C) a 

id 


■ r(E; TC®TY ->- iL°(E; SC) C 


ev + 
“12 


ev + 
“12 


-c- 


■ c- 


Figure 1: Commutative diagram for the proof of Corollary 14.131 


The second isomorphism in (14.291) is the composition of the first isomorphism in (14.311) and the 
second one tensored with the identity on A^ p (i/ 0 (£; SC) a ). 

Combining the analogue of (14.271) for l = 0 (i.e. the isomorphism induced by the left column in 
Figure [T]) with the isomorphism (14.61) for the trivial rank 1 real bundle pair (V,<p), we obtain an 
isomorphism 

(det ® AjjC & (det ,(d<r*)® 2 )) ® A. R C. (4.32) 

The canonical orientation on the second line in (14.301) and the second isomorphism in (14.31 [) in¬ 
duce an orientation on the first factor on the right-hand side of (14.321) . By the commutativity 
of the squares in Figure |U it is sufficient to show that the isomorphism (14.321) is orientation¬ 
preserving with respect to the canonical orientation on det5^-^ 02 | E , the above orientation on 

det<9p,*g( x ) 0 r*g (dS 1 *)® 2 )’ anc ^ the complex orientation on C. 

The composition of the isomorphism (14.321) tensored with the identity on Aj|C and the second 
isomorphism in (14.311) tensored with the identities on det <9g. c and two copies of Aj|C is homotopic 
to the isomorphism (|4.23l) . By the previous paragraph, the claim is thus equivalent to the isomor¬ 
phism (14.231) being orientation-preserving with respect to the canonical orientations on the first 
factors on the two sides, the complex orientation on C, and the orientation on A]|(1L 0 (£; <S' X )' 7 ) 
induced as in the paragraph containing (14.201) . This is indeed the case by Corollary 14.121 □ 

The next two statements are obtained from Lemmas 14.101 and 14.111 in the same wav as m Corol¬ 
lary 6.12] is obtained from [Ill . Lemmas 6.9,6.10]. 

Corollary 4.14. If the marked curve is stable, the orientation on the restriction of the real 

line bundle 

^((R^TC)Y®^ v {{R l d ^TCY) — A 2 

to Aj^ 2 induced by Dolbeault Isomorphism extends across t = 0 as the orientation induced by Dol- 
beault Isomorphism for the nodal symmetric surface (£,<r). 
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Corollary 4.15. If the marked curve 1 4-25\ ) is stable, the orientation on the restriction of the real 
line bundle 

A? ( (Rl^TC )') 0 A? (((*§*. (TC®f)yy) — A| 


to A^ 2 induced by Serre Duality as in the proof of m Proposition 5.9] extends across t = 0 as the 
orientation induced by Serre Duality for the nodal symmetric surface (£,<r). 


We continue with the setup for (I4.26p . By Lemma 14.81 there is an exact sequence 

0 — 0(TC|s) — o{rc) —* C x + ec x - —► 0 

of sheaves with lifts of the involution a over X. The projection of 


H° (S; C x + ® C x - y^ c H° (E; C x + ) ©F° (S; C x - ) = C 0 C 


(4.33) 

(4.34) 


to the first component induces an isomorphism of real vector spaces. 


If C is stable, the real part of the cohomology sequence induced by (14.331) . its analogue in Dolbeault 
cohomology, and Dolbeault Isomorphism induce a commutative diagram 


0 


0 


C--# 1 (S;C(TC| s )) c 


^(XjC^TC))' 


id 


DI 


DI 


c- 


H 1 (S; TC) c 


■IL 1 (S;TC) c 


(4.35) 


of exact sequences. In particular, there are canonical isomorphisms 

A£ p (tf 1 (E;0(TC| s )) <T ) « A^ op (# 1 (S;0(TC)) ,t ) 0 A^ op C , 

A ^(H 1 {K,TC) a ) « A^ p (IL 1 (£;TC)' 7 ) 0Ag P C. 

Combining them together, we obtain an isomorphism 

A^ op (iL 1 (S;O(TC| s )) CT )0A; op (iL 1 (S;TC) ff ) 

* (A7( J ff 1 (S;0(TC))' T )®A^ p (i7 1 (£;rC) CT )) 0A 2 C0A 2 C. 


Corollary 4.16. The isomorphism is orientation-preserving with respect to the canonical 

orientation of Corollary \f.lf\ on the left-hand side, the orientation on the first tensor product on 
the right-hand side induced by Dolbeault Isomorphism, and the canonical orientation on the last 
tensor product. 


Proof. By the commutativity of the diagram (14. 35|) . the isomorphism (14.371) is orientation-preserving 
with respect to the orientations on the left-hand side and on the first tensor product on the right- 
hand side induced by Dolbeault Isomorphism. The former is the orientation of Corollary 14.141 □ 


Combining the dual of (14.271) with the second isomorphism in (14.361) . we obtain an isomorphism 

A; op (i7 1 (S;TC) ff )0A^ op ((i7 o (S;fC0f) ,T )*) 

* (Ar P (77 1 (£;TC) CT )0A^ p ((lL o (S;T*C0T*X) CT )*)^ 0 A|C0A|(C v ), 

where C v =Homc(C,C). The complex orientation on C induces an orientation on C v under the 
isomorphism (13.11) . The latter is the opposite of the complex orientation of C v . 
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Corollary 4.17. The isomorphism fl 4-38\ ) is orientation-preserving with respect to the canonical 
orientation of Corollary on the left-hand side, the orientation on the first tensor product on 
the right-hand side induced by Serre Duality, and the complex orientations on C and C v . 

Proof. Since the diagram 

0- H 1 (E; 7 _ C) <t - 5 - H 1 (S; TC] a -^0 


0 ^ -- i7°(S; TC®T) cr -«■- Lf°(E; T*C®T*T,) a -s- 0 

R ^R^= ^=R 

induced by the imaginary parts of the Serre Duality pairings commutes, the isomorphism (14.381) 
is orientation-preserving with respect to the orientations on the left-hand side and on the first 
tensor product on the right-hand side induced by Serre Duality and the complex orientations on C 
and C v . The former is the orientation of Corollary 14.151 The first pairing in the above diagram is 
the real part of a C-linear pairing and thus identifies the oriented real vector space C in the first 
row with the complex dual C v of the vector space C in the second row. □ 


4.4 Comparison of the canonical orientations 

Before establishing Theorem 11.21 at the end of this section, we obtain its analogue for the real 
Deligne-Mumford moduli spaces; see Proposition 14.18l below. This is done after comparing the be¬ 
havior of the Kodaira-Spencer (KS) map under the smoothings and normalization of a symmetric 
surface (E,ct) with a pair of conjugate nodes; see Lemma f4. 191 


Let and le be such that g + l ^2. The identification of the last two pairs of conjugate 
marked points induces an immersion 


l: R-A4 g _ 2; ; + 2 * ; (4.39) 

the image R2V* ; of R.A4 *_ 2 l+2 under this immersion consists of symmetric surfaces with one pair 
of conjugate nodes. There is a canonical isomorphism 


TRA4 9 _ 2)i+2 


A+1 ®cA+2 


of the normal bundle of i with the tensor product of the universal tangent line bundles for the first 
points in the last two conjugate pairs. Thus, there is a canonical isomorphism 


« Ar p (tra 4*_ 2iZ+2 )(x) a|(^ + i® c /: z+2 ) 

of real line bundles over R_A4*_ 2 ) z +2 . 


(4.40) 
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Combining the isomorphism (|4.40p with the isomorphism (14.61) for the trivial rank 1 real bundle 
pair (V,ip), we obtain an isomorphism 


dc)) <S> Ajj(.£z+i(S>C-£z+2) 

« ^*( A « P (TR^ iI )®(deta C )) ® (A|C) 


(4.41) 


of real line bundles over M.A4*_ 2i ; +2 . Since the complement of RA/]*; in a small neighborhood 
in RA4* i is connected and consists of smooth curves, the canonical orientation on the real line 
bundle (12.121) provided by [TT1 Proposition 5.9] extends across RA/]*; and thus induces an orientation 
on the first tensor product on the right-hand side of (14.411) . 

Proposition 4.18. Let jeZ and l e Z^ 0 be such that g + l ^ 2. The isomorphism \4-41j ) 
orientation-reversing with respect to the orientations on the real line bundles \ 2 . 12 \) provided by 
071 Proposition 5.9] and the complex orientations of A+i®cA +2 and C. 

Suppose C, C, (tv, ta, si, ..., si), (T, </?), and (T, (p) are as in (14.251) and (14.261) with ZY | A 2 —* 
embedded inside of the universal curve fibration over MA4*;. Combining the first isomorphism 
in (I4.36P and (I4.40p . we obtain an isomorphism 

A^ p (T [c] RAT; z )®A^(^ 1 (S;0(TC| s )) <t ) 

, _ . (4 42 ) 

^ (A; op (T [c1 M7W;„ 2ii+2 )®A; op (i4 1 (S;0(rc)) ff )) ®A|(A + i®cA+2 )®A|C. 

The KS map induces an orientation on the left-hand side of (]4.42p whenever C is a smooth curve. 
Since the complement of RA f*i in a small neighborhood in RM g; ; is connected and consists of 
smooth curves, this orientation extends over RA f*^. 

Lemma 4.19. The isomorphism 1(4-4^ orientation-preserving with respect to the orientations 
on the left-hand side and the first tensor product on the right-hand side determined by the KS map 
and the canonical orientations of £i + i®c£i +2 and C. 

Proof. The proof is similar to that of HD Lemma 6.16]. The parameter t + in Section [4.21 can be 
viewed as an element of the complex line bundle £z+i®cA +2 and parametrizes the smoothings of 
the marked symmetric surface C as in (14.251) . In the notation of Section T4.21 they are described by 
t = (t + ,t~) with t~ = t + . Denote by TC — *U g ^ 2 ,l +2 the twisted down vertical tangent bundle over 
the universal curve tv: Ug- 2 , 1 + 2 —>RA/"*;. 


As in the proof of HD Lemma 6.16], the vector bundles 

TRAA; i/ ,(i?V(rc)) CT — RA/;-, 


extend over a neighborhood of RA/]*; in MA4* ; as a subbundle of TRA4*; and a quotient bundle 

of (R 1 tv*TC) <j . The KS map induces an isomorphism between these two extensions and gives rise 
to a diagram 


7 ~RA 4 *- 2 ; ; + 2 - T Ct ^ Mg,l -£i® C £ 2 |£ 


% 

KS 

% 

KS 






H l (% 0(TC)Y -- H 1 (S t ; 0(TC | St )) fft --C 
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commuting up to homotopy of the isomorphisms given by the vertical arrows. The crucial point 
is that the KS map sends the deformation parameter t + eCi^c ^-2 to the C-factor in (14.4211 in an 
orientation-preserving fashion. This is shown in the next paragraph. 


Similarly to the last part of the proof of HU Lemma 6.16], we cover a neighborhood of St in U by 
the open sets 


Ui={{t + ,t ,zf ,zf )eU^: 2\z^ |<l} and Uf = {{t + ,t , zf , zf )eU^ : 2 \zf \< l}, 

along with coordinate charts each of which intersects at most one of IA 2 and IA 2 ■ By the same 
computation as before, the Cech 1-cocycle corresponding to the radial vector held [TTJ (6.25)] for 
the smoothing parameter t = t + is given by 


b± = z ± —— — 

V 0 ;12 ~ ~i dz ± 


. d 

dz£’ 


y 0;21 


= — Z- 


d 

1 dzi 


+ z 2 


d 

dzf 


(4.43) 


on IA 2 cAU 2 after re-scaling by |t| 1 and vanishes on all remaining overlaps. In order to determine 
the image of the angular vector held, we replace t with e' e t in the computation in the proof of 
HU Lemma 6.16] and differentiate the resulting overlap maps fp 2 and f 2i with respect to 9 at 
0 = 0. Over IAq, we then obtain the right-hand sides of the two expressions in (14.431) multiplied 
by ±i. Thus, the KS map sends t + e£i(g)c £2 to the C-factor in (14.421) in an orientation-preserving 
fashion. □ 


Proof of Proposition \4■ 1 Let (C,o) be an element of IRA4*_2z+2- Its image under t is a 
marked symmetric curve (C, a) with a pair of conjugate nodes. We continue with the notation and 
setup in the proof of Lemma 14.191 


The isomorphisms (14.401) and (14.271) induce an isomorphism 

A R P ( r [C]KK,i) (4.44) 

* (A^ op (r [c1 M7W;_ 2iZ+2 )®A; op ((i7^E;T*C®T*S) CT )*)^ <g> A|(A +1 ® c A +2 ) ® A|(C V ). 

Orientations on the left-hand side of (14.441) and the hrst tensor product on the right-hand side are 
obtained by tensoring the orientations on the corresponding terms 

(1) in (14.421) determined by the KS map, 

(2) in (14.371) determined by Dolbeault Isomorphism and Corollary 14.141 

(3) in (14.381) determined by Serre Duality and Corollary 14.151 

By Lemma 14.191 and Corollaries 14.161 and 14.171 the isomorphism (14.441) is orientation-preserving 
with respect to these two orientations and the complex orientations on £( + i®c^i +2 and C v . 


The orientations on 

A m P (8 ) (det d c \[ C ]) and Aj R op (T [(5] MM*_ 2 Z+2 ) <g> (det d c | [(J] ) 
provided by HU Proposition 5.17] are the tensor products of the orientations on 


50 








































(1) the left-hand side of (14.441) and the first tensor product on the right-hand side described above 
and 

(2) the first tensor products on the two sides of (14.281) described below (14.291) . 


The isomorphism (13.11) with V = C induces a homotopy class of identifications of (Aj|C)*0Aj|(C v ) 
with M. By the previous paragraph and Corollary 14.131 the isomorphisms 

(A t R op (T [c] RM‘J®(detd C ;c)*) 0 (A|C)* 

* ( A R P ( r [C]W*-2, i+ 2)®(det% ;C )*) 0 A|(A + i0cA + 2 )0(A|C)*0A|(C v ) 

induced by the isomorphism (I4.40p . the isomorphism (14.6|) for the trivial rank 1 real bundle 
pair (V, ip), and trivializations of (AgC)*0Aj|(C v ) in the above homotopy class are orientation¬ 
preserving with respect to the orientations of Proposition 14.181 and the complex orientations of C 
and C v . Since the isomorphism (13.11) with V = C is orientation-reversing with respect to the com¬ 
plex orientations of C and C v , the isomorphism (j4.41 [) is also orientation-reversing with respect to 
the orientations of Proposition 14.181 □ 

Proof of Theorem M .21 Throughout this argument, we omit from the notation for 

the moduli spaces of maps and let 

£ = A+i0cA+2 ■ 

By the construction of the orientations in the proofs of Corollary 5.10 and Theorem 1.3 in HO, it 
is sufficient to verify the claim over an element [u] e 9Jt g _ 2 1+2 with a smooth stable domain. Let u 
be the induced real map from the corresponding nodal symmetric surface. We denote the marked 
domains of u and u by C and C. respectively, and let g = ev/+i(u). 

The forgetful morphisms (12.21) induce the short exact sequences represented by the left and middle 
columns in the two diagrams of Figure El The top row in the first diagram is the exact sequence on 
the indices of Fredholm operators determined by the exact sequence (14.51) with (V, p) = u*(TX, d</>); 
the middle row is the exact sequence above »• The middle and bottom rows in the second di¬ 
agram are the exact sequences associated with the normal bundles Aft above (11.51) and (14.401) . 
respectively. 

The middle row and column in the first diagram in Figure [2] determine isomorphisms 

Am P (^M;*_ 2 , +2 ) ® A|"(T,X) 0 A|(/%) « A^(T 2 ot;_ 2 , +2 ) 0 Al(C\ S ) (4 45) 

* (det A;) 0 A^ op (T c ~MA 4;_ 2iH2 ) 0 A|(/%) . 

By the commutativity of the squares in this diagram, the composition of the two isomorphisms 
in (I4.45P equals to the composition of the isomorphism 

Am P (AM;*_ w ) 0 A^(T q X) 0 A|(%) 

* (det D u ) 0 A^ p (T s RM' g _ 2 l+2 ) 0 A^ n (T q X) 0 Aj| (C\g) 

induced by the first column and the isomorphism (I4.6j) with (V, (p) = u*(TX,dcj))', the 
induced by the first row. 


(4.46) 
latter is 
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0 


0 


0 


0 

0 


0 


■ Ind I),, 


■ Ind D?. 


i+i 


T q X 


■ Ty / 9Jl g _ 2 ,l + 2 


df 


■ T^XHg_2 l + 2 


df 


daevj+i 


id 


T q X 


id 


TjXtM g_2j + 2 T^MAdg—2,i+2 0 


0 

0 


0 


0 


0 0 

0-Ind D u -—- 9 - Ind D u - 9 - 0 

0 

0 


0 -*“ Tft9Jlg_ 2j l + 2 


df 


di. 


■T u m fhl 


c 


df 


■ T^RM.g_ 2 i +2 


d*. 


■ XclRLA4 


9,1 


C 


id 


0 0 0 
Figure 2: Commutative diagrams for the proof of Theorem 11.21 
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The middle row and column in the second diagram in Figure [2] determine isomorphisms 

Ai OP (^;*_ 2 , +2 ) ®A 2 R n (T q X)® A|(£| c ~) 

« A^ p {TM'J®Al n (T q X) « (det D u ) ® ® Ag*(T,X). 

By the commutativity of the squares in this diagram, the composition of the two isomorphisms 
in (14.471) equals to the composition of the isomorphisms (14.461) and (14.401) : the latter is induced by 
the bottom row. Thus, the isomorphism 

(det D fi ) <g> A^ p {T^M]_ W ) ® A|(/%) « (det D u ) <g> A^ op (TcRM^) ® Ag*(T,X) (4.48) 


induced by (14.451) and (14.471) is the tensor product of the isomorphism (14.61) with ( V ., p) = u* ( TX, d(j>) 
and the isomorphism (14.401) . 


The isomorphism (14.451) induces an isomorphism 

A^(Ta®f;_ 2ii+2 ) ® A%(T q X) ® A|(/%) ® (det % c )® (n+1) 

* ((det A0®(detdg. c ) <2)n ) ® (Aj R op (T <? RA4*_ 2 Z+2 )®(detdg ;C ))®A|(/:|^) . 
The isomorphism (14.471) and the isomorphisms (14.61) with 

(V, tp) = u* (: TX , d0), (S x C, or x c) 

induce an isomorphism 

A? (TM' 9 \ l+ 2 ) ®A^(T q X)®Al(jr\ £ ) ® (det d g;C )® (n+1) 

* ((det D u ) ® (det d S;C )®") ®A| n (T g X)®A| n C" 

® (A^ op (T c RMh) ® (det d C;S )) ®A|C . 
A real orientation on (X,u,p) induces orientations on 

detDs = (det Da)®(det dg. c )®" and det D u = (detD ^^ )®(detds;€) <S),^ • 


(4.49) 


(4.50) 


(4.51) 


The isomorphisms (14.491) and (14.501) induce orientations on their common domain from the ori¬ 
entations in (j4.51[) . the orientation of (12.121) provided by [11, Proposition 5.9], and the canonical 
orientations on C , TX , and C. The substance of Theorem P is that the two induced orientations 
are different. 

The two induced orientations are different if the composition of the inverse of the isomorphism 
in (I4.49j) with the isomorphism in (I4.50j) is orientation-reversing. By the sentence containing (14.48)) . 
this composition is the tensor product of 

(1) the isomorphism (14.71) with (V, (p) = u* (TX, d<fi) and 

(2) the isomorphism (14.411) . 


By Corollaries 14.51 and 14.61 the first isomorphism is orientation-preserving. By Proposition 14.181 
the second isomorphism is orientation-reversing. □ 
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